1 Introduction
Axiom 1. P(A) >0 P& =1

Axiom 2. If A and B have no elements in common
(they’re mutually exclusive or disjoint), then

ANB=o=PAUB)=P(A)+P(B) (1)

Theorem 1.1. Let A be the complementary of A, such
that

AUA=E ANA=2= P(A)=1-P(A)
Theorem 1.2. 0 < P(A) <1
Theorem 1.3. P(@) =0

Theorem 1.4. Mutually exclusive (or disjoint) events

PA+B+C+...)=P(A)+P(B)+PC)+--- =
2

3
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Theorem 1.5. If AC B = P(A) < P(B)

Theorem 1.6. If A and B aren’t disjoint, then
P(AUB)=P(A)+ P(B) - P(ANDB)

It can be easily seen using Venn’s diagrams, the last
term is due to forbidden double counting.

Definition 1.1. (Conditional probability). Let A and
B be two events of the same event space £, then the
conditional probability of A knowing information B is

P(ANB)

P(AIB) = =5 5

(4)

Proposition 1.7. Let A and B be two events of the
same event space &, then

P(A|A) =1
P(A|IB)=1<BcCA
P(AB)=0<ANB=0

Definition 1.2 (Independent events). Let A and B

be two events of the same event space £, then we say
these events are independent if

P(A|B) = P(A) = P(ANB) = P(A)P(B),
P(A),P(B) #£0

(5)
(6)

Note it is easy to see that if A is independent from B,
then B is independent from A.

Law 1. (Total probability law). Let B; = {Bi,..., B}
be a set of n disjoints events and let A be an event of
the same event space € which might have elements in
common with B;. Then the Law of total probability
states that

HM=ZHM&H&) (7)

Theorem 1.8. (Bayes Theorem). Let B, =
{Bi,...,Bp} be a set of n disjoints events and let A
be an event of the same event space € and P(A) > 0.
Then

psa) = DO - PERIEE)
P(AB) s D) o)

2., P(A|B;j)P(B;)

Definition 1.3. (Distribution Function). The distri-
bution function of a random variable X is

F:R—R
z+— F(z) = P{X <z}

Definition 1.4. (Discrete random variable). A ran-
dom variable X is discrete if there exists a finite or
numerable set S C R such that
P{XeSt=1 (10)
The set S is called the support of the distribution of

X if P{X =z} > 0 for all z € S. The probability
function is

p:S—[0,1]
z+—> p(z) = P{X =z}

Theorem 1.9. The support and the probability density
function of a discrete random variable automatically
fixes the distribution.

Definition 1.5. (Bernoulli distribution). Let X be a
random discrete variable, we say this variable follows
a Bernoulli distribution if it takes the value 1 for the
probability of success and 0 for the probability of fail-
ure (1 —p = ¢). In this case we say X ~ B(p). His
support is S = {0, 1} and its probability function is

p(k‘)Z{p b=l

. k0 (11)

Its expected value and variance are

p = E[k] = p,
o? = Varl[k] = p(p — 1)

Definition 1.6. (Binomial distribution). Let X be a
discrete random variable, we say this variable follows a
binomial distribution if it evaluates the number of suc-
cesses in n € N attempts with p as success probability
(1 —p =gq). In this case X ~ B(n,p). Its support is
S =4{0,1,...n} and its probability function is

p(k) = (n>p'“(1 -p)" " VkeS @ (14)

k
Its expected value and variance are
o? = Var[k] = npq

p=E[k] =np (15)



Definition 1.7. (Discrete uniform distribution). Let
X be a discrete random variable, we say it follows
a discrete uniform distribution if its support is S =
{z1,22,...,2,} with z; € R different two to two and
its probability function is

1
p(x;) = - Vz; € S (16)
In this case we say X ~ Unif({z1,...,2n}).
Its expected value, variance and bias are
1 |
M:E[X]:"; o2 = Var[X] = =
(17)

Definition 1.8. (Poisson distribution). Let X be a
discrete random variable, we say it follows a Pois-
son distribution of parameter A > 0 if its support is
S = NU {0} and its probability function is

)\k
=
k) =50

In this case X ~ Poiss(\).
Its expected value, variance and bias are

Vke S (18)

w=E[k] =X\ o? = Var[k] = A pes = VA (19)
Definition 1.9. (Hypergeometric distribution). Let
X be a discrete random variable. Let be a container
with N balls where K are white. We say X follows an
hypergeometric distribution if it computes the quantity
of white balls taken in n throws without repetition. In
this case we say X ~ HGeom(N, K,n). Its support is
S={keN|k<minn,K,n—k < minn, N - K}
and its probability function is

() (i)

p(k)=P{X =k} = (N) Vke S (20)
Its expected value and variance are
K
p=E[X]=n= (21)
2 _ _nE KN (NZn
o° = Var[X]| = ~ (1 N) (N—l) (22)

Definition 1.10. (Absolutely continuous random
variable). We say X is an absolutely continuous ran-
dom variable if there exists a probability density func-
tion (PDF) f such that

F@=PX <o} = [ f)dy  YoeR ()

Definition 1.11. (Probability density function).
Analogous to distribution function, we say a function
f:R— Ris a PDF if

f(z)>0 Vr e R and /f(x)dle

(24)

Definition 1.12. (Cumulative probability function).
Analogous to probability function, we say a function
F:R— Ris a CDF if

dF(z)
fla) =5
Definition 1.13. (Normal or Gaussian distribution).
Let X be an absolutely continuous random variable,
we say it follows a mormal distribution if its PDF is

J(@) = 2o

where € R and ¢ > 0. In this case we say
X ~ N(u,0?) and if X follows a standard /normalized
normal distribution if X ~ N(0,1).

Its expected value, variance and I'py s are

/J,:E[k‘} 02:Var[k] FFWHMZQO'\/thQ
(27)
Definition 1.14. (Continuous uniform distribution.)
Let X be an absolutely continuous random variable,

we say it follows a continuous uniform distribution in
an interval [a, b] if its PDF is

1

F(z) = P{X < a} and

(25)

1 _ @2
e 202

(26)

=—1, 28
J@) = 7Ty (@) (28)
In this case X ~ Unif([a,b]).
Its expected value and variance are
b b—a)?
p=E[X] = “;“ o? = Var[x] = ¢ 1;) (29)

Definition 1.15. (Exponential distribution). Let X
be an absolutely continuous random variable, we say it

follows an exponential distribution of parameter A > 0
if its PDF is

1
f(z) = Xe—”v/A Yz € (0,00) (30)
In this case X ~ &xp(N).
Its expected value and variance are
p=E[X]=X o%=Var[X]=\? (31)

Definition 1.16. (Gamma distribution). Let X be
an absolutely continuous random variable, we say it
follows a Gamma distribution of parameters p > 0 and
k > 0 if its PDF is

k
f(x) — o xkflefp‘m

32
TR (32)
In this case X ~ Gamma(u, k).
Its expected value and variance are
k k
=EX]=-  o®=Var[X]=— 33
n = E[X] . [X] 2 (33)

Definition 1.17. (Chi-squared distribution). Let X
be an absolutely continuous random variable, we say it
follows a x? distribution of parameter n € N if its PDF
is

1 n_q _=a
flx;n) = 2”/2F(%)$ e x>0 (34)
In this case X ~ x%(n).
Its expected value, variance and I'pyw s are
p=EX]=n o>=Var[X]=2n  (35)



Definition 1.18. (t-Student distribution). Let be n
independent variables X; which come from the same
distribution, with mean g and ¢ unknown. Then we
say X follows a t-Student distribution withn —1 =r
degrees of freedom if its PDF is

T(i(r+1) 2\ "2
tn—1)= f(tir) = —2=—7 1+ —
=y = st =2y (1)
(36)
In this case X ~ t-Student(n).
Its expected value and variance are
p=EX]=0 o= Var[X]= riQ (37)

Definition 1.19. (Cauchy [Lorentz] distribution). Let
X be an absolutely continuous random variable, we say
it follows a Cauchy distribution if its PDF is
1 %1"

flx) = ;(x_m)z T (%1—‘)2

(38)

where m is the mean of the distribution and T' is the
FWHM. The distribution is symmetric with respect to
m and its CPF is

F($)1+71Ttan1(2($m)>

5 T (39)

Its expected value and variance aren’t defined as inte-
gral diverges.

Definition 1.20. (Standard Cauchy [Lorentz] distri-
bution). Let X be an absolutely continuous random
variable, we say it follows a standard Cauchy distribu-

tion if it follows a Cauchy distribution with m = 0 and
%1" =1 so its PDF is

1

flz) = m (40)

In this case we write X ~ Cauchy(0, 1).

Definition 1.21. (Landau distribution). Let X be an
absolutely continuous random variable, we say it fol-
lows a Landau distribution if its PDF is

oo

1 —t(Int+xt) s L s -

—le sin (7t)dt ~ ——ez®@te™")

-/ ()it ~ ——
0

fx) =

(41)
In this case we write X ~ Landau.
Its expected value and variance aren’t defined as inte-
gral diverges.

Theorem 1.10. (Transformation of random vari-
ables). Let X be an absolutely continuous random
variable with density fx(x) and U = (a,b) such that
—00 < a < b < oo in an interval so that P{X €
Uy =1. Let h : U — V where V = (¢,d) such that
—o<c<d<ooand h=1€CHV). Then, Y = h(X)
is another absolutely continuous random variable such
that

@) =fx®7 W) ) Wvy) = (42)

(43)

Definition 1.22. (Expected value). Let X be a dis-
crete random variable such that

> |E|P{X =k} < o0 (44)
keS
then we define the expected value of X as
E[X] =Y kP{X =k} (45)

keS

Let X be an absolutely random variable such that

JRORE (46)
then we define the expected value of X as
BX) = [ af() (47)
—o0

Proposition 1.11. (Main properties of expected
value). The expected value of a variable X is linear,
namely

E[X+Y] = E[X]|+E[Y] E[aX] = aE[X] (48)
for any random variable X and Y and any a € R.
Moreover

Va € R

Elal=a (49)

Proposition 1.12. (Ezpected value of a function
z2(x)). Let X be a random variable following a PDF
f(x), then a function z(X) is also a random variable,
with expected value

E[z(X)] =) 2(k)P(X = k), (50)
keS
BE(0) = [ 2(0)f(a)do (51)

Proposition 1.13. (Transformation of random vari-
ables regarding expected value). Let f(x) be a density
function of X, let z(x) be another function, then

Elz(2)] = E[z(z(y))]

Definition 1.23. (Median). Let X be a discrete ran-
dom variable, then we define the median z,, of X as
the value with probability

(52)

PX >z} =P(X<un}>L ()

Let X be an absolutely continuous random variable and

F(x) its CDF, then we define the median of X as the
value x,, for which

(54)

Same number of values to the left and to the right of
the median.



Definition 1.24. (Mode). Let X be a discrete ran-
dom variable, then we define the mode x; of X as the
most repeated value.

Let X be an absolutely continuous random variable
and f(x) as its PDF, then we define the mode x,; of
X as the value

df(x)

P (55)

X=xpnp
Sometimes a distribution can be bimodal if it has two
modes or multimodal if it has more than two.

Definition 1.25. (Variance and standard deviation).
Let X be a random variable such that E[X?] < oo,
then we define the variance of X as

Var[X] = E[(X - E[X?))] = E[X?] - E[X]”  (56)

Moreover, we define the standard deviation of X as

Sd[X] = /Var[X] (57)

Proposition 1.14. (Main properties of variance). Let
X and Y be random variables and a € R, then is sat-
isfied

Var[X] >0

Var[aX] = a?Var[X]
Var[X £ Y] = Var[X] + Var[Y] + 2CoV[X, Y]

Var[a] =0
Proposition 1.15. (Property of variance). Let X; =
{X1,...,X,} be N random variables, let a; be a con-

stant, then the wvariance of the sum of these random
variables is

N N
Z aiXi] = Z a?Var[X;] + Z CoV[X;, X;]
i=1 i=1 i

(58)

Definition 1.26. (Reduced variable). Let X be a ran-
dom variable, then the reduced (normal) variable of X
is defined as

Var

X - E[X]

Var[X]

Given this reduced variable, the expected value and
the variance now are

(59)

Elu] =0 Varfu] =1 (60)

Definition 1.27. (Covariance). Let X and Y be two
random variables such that E[|X|,E[|Y|],E[|XY]] <
oo, then we define the covariance of X and Y as

CoV[X,Y] = E[(X—E[X])(Y —E[Y]] = E[XY]-E[X]E[Y

(61)
Proposition 1.16. (Main properties of covariance).
Let X and Y be random variables and a € R, then is
satisfied
CoV[X,Y] = CoV]Y, X]
CoV]aX,aY] = abCoV[X,Y]
CoV[X +Y,Z] = CoV[X, Z] + CoV[Y, Z]
CoV[X,a] =0

Definition 1.28. (Correlation coefficient). Let
X and Y Dbe random variables such that
E[|X|],E[IY]],E[|XY|] < oo, then we define the corre-
lation coefficient of X and Y as

CoVI[X,Y]

PXy = W (62)

which is a dimensionless quantity pxy € [—1,1].

Proposition 1.17. Let X and Y be independent ran-
dom wvariables such that E[|X|], E[|Y]], E[| XY|] < oo,
then

CoV[X,Y] =0 (63)

and, consequently, they are non-correlated

Definition 1.29. (Probability density function). We
say a function f: R? — R is a PDF if

flz,y) >0 Ve eR and /f(x,y)dxdyzl

(64)

Definition 1.30. (Cumulative probability function).
We say a function F : R? — R is a CDF if

dF(z)?
dzy
(65)
Definition 1.31. (Marginal distributions). Let X and
Y be absolutely continuous random variables following

the same PDF f(x,y), then the marginal distributions
of X and Y are

F(z,y) = P{X <=z,Y <y} and

f(a:,y) =

oo

g(x) = / f(z,y)dy

o0

h(y) = / f(x,y)da

respectively. They are the PDF of each variable sep-
arately, each one is independent from the what’s hap-
pens to the other.

Definition 1.32. (Conditional probability density).
Let X and Y be absolutely continuous random vari-
ables of the same PDF f(x,y), then the conditional
probability density of an event is given by

f(z,y)

flylz) = o)

(66)

lvhere f(y|x) means z is fixed and f(y|z) dy represents
the probability of finding y € [y, y+dy] when z is fixed.

Definition 1.33. (Absolutely continuous independent
variables). Let X and Y be absolutely continuous ran-
dom variables of the same PDF f(z,y) with marginals
distributions ¢g(z) and h(y), then we say X and Y are
independent between them if

flx,y) = g(x)h(y) <= f(ylzr) = h(y) and

(67)

f(zly) = g(z)



Proposition 1.18. (Multivariable generalization).
Let X = (Xy,...,X,) absolutely continuous ran-
dom wvariables following a distribution f(x), then its
marginal distributions and expected values are

X =(Xy,Xo,...,X,)

e [ 169 [ dz,

J#i

E[X;] = /%‘f(x)dx

— 00

The covariance can be represented with a matrix whose
elements are

Ci; = CoV[X;, X;] = E[(X; —E[X;]) (X, —E[X;]] (68)
or in wvectorial notation, the covariance matriz or
error matrix is

C = E[(X - E[X])(X - E[X])"]
Cii = Var[Xi]

The error propagation formula for a function z(x) then
18

= 0z 0z
P 7 J

A non-linear transformation of covariance matriz is

} x=E[X] (69

aY
— T _ =
Cy =TC,T T= X (70)
X=E[X]
Theorem 1.19. (Central limit theorem). Let

{X,}n>1 be a succession of independent random vari-
ables identically distributed such that E[X?] < co. Let
E[X;] = p,Var[X;] = 02 and X = L 3" | X,. Then

V(X = ) 225 N(0,0%) (71)

Definition 1.34. Let n € N, let X be a random vari-
able following a probability distribution F', then we say
a sample of n elements is the set of n independent ran-
dom variables z; identically distributed according to
F'. Denoting it

iz{xlax%"wxn} (72)
Definition  1.35. (Sample mean). Let
{z1,22,...,z,} be a sample of an experiment X, then

we define the mean of the sample as

S R

i=1
Definition 1.36. (Sample median). Let
{z1,za,...,2,} be an even sample of an experiment

X, then we define the median of the sample as

Tm = T(nt1)/2 (74)

The Median of an odd sample is usually defined to be
the mean of the two middle values

Tp/2 + T(n
o, = In/2 2(/2>+1

(75)

Definition  1.37. (Sample mode). Let
{x1,29,...,2,} be a sample of an experiment X, then
we define the mode of the sample to the most repeated
value

xp = most repeated x; value (76)

A sample can be bimodal if it has two modes or mul-
timodal it has more than two.

Proposition 1.20. (Ezpected value and variance of
the mean estimator). Let X an experiment with
E[X] = pu and Var[X]| = 02, and T the mean of the
sample {x1,22,...,xn} of X, then

2

EZ =p  Var[z] = % (77)
Definition 1.38. (Sample variance). Let

{z1,z9,...,2,} be a sample. Then we call
\E[m] =52 = ! zn:(xz -7)° (78)

n—1 ’

Var o 1 - 2
Var[z] = S§° = - (x; — ) (79)
i=1

the sample variance and S the sample standard devi-
ation of a sample with an unknown mean p = 7 and
with a known mean g (having to compute T), respec-
tively.

Proposition 1.21. (Ezpected value and variance of
the wvariance estimator). Let X an experiment with
E[X] = p and Var[X] = o2, and S? the variance of
the sample {x1,x9,...,2,} of X, then

(80)
204
Var[S?] = e (Gaussian) (81)

when we don’t know the mean u and when we know it,
respectively.

Definition 1.39. (Absolute and relative frequencies).
Let the absolute frequency of an event ¢ be the number
of times n; this event happens in an experiment.

If N is the number of total observations regarding the
experiment, then the relative frequency of an event i is
fi = Tli/N.

2 Statistical inference

Definition 2.1. (Statistical inference). The statisti-
cal inference is a branch from statistics which focuses
on deducing results from a population undergoing an
study, from the analysis of several samples from the
same population.



Definition 2.2. (Confidence intervals). Let X be an
absolutely continuous random variable. Then we call
a confidence interval of 1 — « to an interval (a,b) such
that

Pla< X <bt=1-« (82)

We will say the interval (a,b) is centred if its centred
in the expected value of X.

Moreover, it can also be defined unilateral confidence
intervals (—o0,b) and (a, c0) so that

P{X<b=1-« and P{X>a}=1-«
(83)

respectively

Definition 2.3. (Statistic). We call an statistic a
quantitative measure calculated from the data of a
sample, which allows to estimate or contrast some char-
acteristics of a population. It is common to denote an
statistic of a sample {z1,...,z,} as

T=T(x1,...Tn) (84)

3 Parameters estimation

Definition 3.1. (Statistical model). A statistical
model is a family of probability distributions.

Definition 3.2. (Parametric and regular model). Let
{Py | 0 € O} be a statistical model then we say this
model is parametric if 6 is dimension-finite and there-
fore © C R. In this case we denote 0 as (01,...,04).
We say an statistical model is reqular if it can be differ-
entiated under the integral sign with respect to 6 three
times.

Definition 3.3. (Estimator and estimate). An esti-
mator 6 is an statistic (any quantity computed from
values in a sample that is used for a statistical pur-
pose) used to estimate an unknown parameter 6 from
the values of a sample.

We say 6 is an estimate if its value is enough close to

6.

Definition 3.4. (Inference problem). Given a sample
z = {x1,22,...,2,} and a model {f(x;0)}, an infer-
ence problem is an statistical problem consisting on
finding an estimate and determining a confidence re-
gion for the parameter 6 (for a fixed confidence).

Definition 3.5. (Moment of order r of a random vari-
able). Given a random variable X such that E[|X|"] <
oo, we define the rth-order moment as

Hr = E[XT]

Definition 3.6. (Centred moment of order r of a ran-
dom variable). Given a random variable X such that
E[|X]|"] < oo, we define the centred moment of order r
as

per = E[(X = E[X])"]

o2, bias to pcs, kurtosis to
E% kurtosis coefficient to

We call variance pcy =
picy, bias coefficient to sk = 23

ku = £t and kurtosis excess to ke = ku — 3.

Definition 3.7. (Likelihood function). Given a sam-
ple x = {x1,23,...,2,} of a model f(x;0) (discrete or
continuous) with 6 = (1, ...,04), we define the likeli-
hood function as

n

L(0) = L(0;z) = Hp(a:,»; 0)

=1

Definition 3.8. (Likelihood coefficient). Let L(6;;x)
and L(69; z) be likelihood functions of the same sample
and model of different unknown parameters #; and 65,
then the likelihood coefficient is

[T L(6:1;2)
[Tis; L(62;2)

If @ > 1, then it is easy to think that #; value is more
probable than 65.

Q=

Definition 3.9. (Maximum likelihood method).
Given a sample z = {x1,z2,...,2,} and chosen a
model f(x;0), we call the maximum likelihood method
to the inference problem which founds an approximate
value for 6 with

>

= L(6

arg max{L(6)}
Definition 3.10. (Log-likelihood function).  Let
L(0;z) be a likelihood function of a sample and a
model, then we define the log-likelihood function as

1(0) = U(6; z) = log (L(6; z))
as long as L(6;x) # 0 for all 8 € ©.

Proposition 3.1. Let L(0;x) and 1(6;x) be likelihood
and log-likehood functions of a sample and a model,
then the point where the functions reach the mazimum
are the same.

4 Comparison and evaluation of
estimators

Definition 4.1. (Bias of an estimator). Let T be an
estimator of 6, then the bias of T is
be(T) = E[T] — 6 Vo (85)
Definition 4.2. (Non-biased estimator). Let T be an
estimator of 6, then we will say it is a non-biased esti-
mator if
bg(T) =0 < Ey[T] =6 Vo (86)
Definition 4.3. (Consistent estimator). Let {f(x;8)}
a model, z = {x1,...,2,,...} an infinite sample of
density f(z;0) and z,, = {x1,...,2zn, } the set of first
n observations of z. Let {T),(z) = T'(z,,) }n>1 the suc-

cession of estimators of parameter 6, then we say the
estimator T}, is consistent if

T, %+ 0 < lim Var[T},] =0

n— oo

(87)



Definition 4.4. (Asymptotically non-biased estima-
tor). Let {f(z;0)} a model, z = {x1,...,2p,...}
an infinite sample of density f(z;6) and z, =
{z1,...,%n, } the set of first n observations of z. Let
{T,(z) = T(z,)}n>1 the succession of estimators of
parameter 0, then we say the estimator T,, is asymp-
tomatically non-biased if

n—oo
0

Eg[T] (88)

Proposition 4.1. Under normal conditions, S? is a
non-biased estimator of o while my (remember mg =
S%.(n—1)/n is an asymptotically non-biased estimator
of o2.

Definition 4.5. (Mean squared error). Let T be an
estimator of § parameter, then the mean squared error
is

MSE(T) = Eg[(T — 6)°] (89)
Definition 4.6. (Effectiveness). Let T be an estima-
tor of # parameter, then the efficiency is

eff(T) = _

MSE(T) (90)

Definition 4.7. (Efficiency between estimators). Let
T1 and T, be two estimators of same parameter 6. We
say T is more efficient than T5 if

MSE(T}) < MSE(T%) (91)

Proposition 4.2. Let T be an estimator of 8, then

MSE(T) = b*(T) + Vary[T) (92)

Corollary 4.3. Let T be a non-biased estimator of 6.
Then

MSE(T) = Varg[T] (93)

Definition 4.8. (Observed and expected Fisher’s In-
formation). Let J(6;z) be Fisher’s information for a
n-dimensional sample...

1(0) = Varg[S] = Eg[J (0, z)] =

P (;agln(f(xi;e») =EI7 (99)

(94)

Theorem 4.4. (Cramér-Rao inequality). Let T be
an estimator of 0 from a sample x of a regular model

{f(z;0)}, then it is satisfied

(Lt 5)°
100)

Vary[T] > = (96)

Corollary 4.5. In case T is a non-biased estimator of
0, Cramér-Rao inequality is reduced to

(97)

Definition 4.9. We will say an estimator 7 is efficient
if it reaches Cramér-Rao bound.

Definition 4.10. (Efficiency). Let T be an estimator
of 6 parameter, then the efficiency is

VarCRpg[T]
T)= ———— 98
6( ) Val'g [T] ( )
Proposition 4.6. Let T an efficient and non-biased
estimator of 0. Then T is the 6 parameter estimator
with least mean squared error.
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