1 Harmonic oscillator Corollary 1.6. Let H be a Hilbert space with a har-

monic potential. Then,
Definition 1.1. Let H be a Hilbert space in a har-

monic potential 1

UJ2 k B \/7'?
V(i) = 7:32, w?==. (1)

0) . (13)

Proposition 1.7. Let H be a Hilbert space with a har-
We define the creation and annihilation operators as  monic potential. Then, the eigenstates form a non-
dgenerate basis.

al = (m - ﬁ) : (2)
\/5 mw Definition 1.3 (Fock states). Let H be a Hilbert space
. ; with a harmonic potential. We define the Fock states
a 7 T+ 7p (3) s the states that determine the basis (Jn)) and have a
o well-defined number of excitations.
Q=4 —. (4)
h Definition 1.4. Let H be a Hilbert space with a har-
Proposition 1.1. Let H be a Hilbert space in a har- monic potential. We call the fundamental Fock state
monic potential. Then, the vaccum.
(] af = o ii 5) Proposition 1.8. Let H be a Hilbert space with a har-
V2 a? dz monic potential. Then, a,a' and N have the following
a 1 d matriz representation in the basis (|n)).
(zla = — — (6
V2 a2 dx
mw 0 0 0
a=—. (7) . 01 0
[Ng=10 0 2 7 (14)
Proposition 1.2. Let ‘H be a Hilberet space with a L
harmonic potential. Then, o
_(af +4) ©@t-a). 0 )
T = (a'+a), p=1th—(a' —a). 8) 0 0 2
V2a V2 @e=10 0o o ) (15)
Proposition 1.3. Let H be a Hilbert space with a har-
monic potential. Then,
0 0 0
A AT '
1. a,a" are not hermitian. 3 \ﬁ 0 0
2. [a,al] = 1. @lls=10 v2 o : (16)

- 1
3. H=hw (afa+2>.
. . ) or in coefficient representation,
Definition 1.2. Let H be a Hilbert space with a har-
monic potential. We define the number operator as [N] = (i —1)6,; (17)
5

N = ala. (9) [al,; = + /5 — 16,1, (18)
Proposition 1.4. Let H be a Hilbert space with a har- [a T]” i —10;—1,5. (19)

monic potential. Then,
Proposition 1.9. Let H be a Hilbert space with a har-
monic potential. Then,

p0(2) = (2]0) = (ﬁ2)1/4exp( ”) (20)

1. H is hermitian.

2. [Na] — 4, {N, d*} —af,

s ﬁ:ﬁw(m;f).

1
Proposition 1.5. Let H be a Hilbert space with a har- nl(@) = \F (\f N V28 dg;) - (21)
monic potential. Then, H and N have a common basis 1
of eigenvectors, which is countable, and o H,(Bz)po(x). (22)

ity = v+ In+1), ) =valn—1),

Proposition 1.10. Let ‘H be a Hilbert space with a
(10) : : X ‘
harmonic potential and & a sequence formed by k a

N |n) =n|n), H |n) = hw <n+ ;) In), (11) andl at. Then,

neN. (12) (n|&n) <k =1. (23)



Proposition 1.11. Let H be a Hilbert space with a

harmonic potential. Then,

(@), =0, (&%) = g Zntl),  (24)
W,=0  ()=""ont1), (29)
AxAp = 2(271 +1) (26)

Proposition 1.12. Let H a Hilbert space with a har-
monic potential. Then,

(1) = (V). (27)

Definition 1.5. Let H be a Hilbert space with a har-
monic potential. We define a coherent state as a state
|a) € H such that

ala) = ala). (28)

Definition 1.6. Let H be a Hilbert space with a har-
monic potential. We define the displaced state as the
state |1) € H determined by

Ya(z) = ho(x — 10).

Proposition 1.13. Let H be a Hilbert space with a
harmonic potential and a force F = f. Then, the fun-
damental state is a displaced state with xo = f/mw?.

(29)

Proposition 1.14. Let H be a Hilbert space with a
harmonic potential and 1)) € H a displaced state with
displacement xg. Then, |1),) is a coherent state with
eigenvalue
o fmw

a = ﬁ(bo.
Proposition 1.15. Let H be a Hilbert space with a
harmonic potential and |o) € H a coherent state.
Then,

(30)

an

o) = e lol*/2 i 7 In) = e~lol*/2e0a™ 10y (31)

n—o V1

Proposition 1.16. Let H be a Hilbert space with a
harmonic potential and |a) a coherent state. Then,

NY =|laf?
(§) =laf,
Theorem 1.17 (Baker-Campbell-Hausdorff formula).
Let H be a Hilbert space and A, B : H — H two op-

erators such that H/AL B},fl}, HA, B},B} = 0. Then,

exp(4+ B) = exp (; 4 BD exp(4) exp(B).

(33)

Play(n) = =) (32)

n!

Proposition 1.18. Let H be a Hilbert space with a
harmonic potential and |a) € H a coherent state.
Then,

Definition 1.7. Let H be a Hilbert space with a har-
monic potential. We define the displacement operator
as

D(a) = exp (ad’ — aa). (36)

Proposition 1.19. Let ‘H be a Hilbert space with a
harmonic potential. Then,

1. A[(a) is unitary.
2. Dt (a) = D(—a).
3. D(a)Dt(a) = 1.

Proposition 1.20. Let H be a Hilbert space with a
harmonic potential. Then,

Pla) = oxp( 10T ) -

i ToPo Po - Top
(55 ) e (5 ) e (<) 69
zo = V2l Re{a}, Po = \/57% Im{a}, (39)
h

mw

(37)

l= (40)
Proposition 1.21. Let H be a Hilbert space with a

harmonic potential and |a) € H a coherent state.
Then,

(x]a) = ta() = (41)
1/4 1 z— 1)
(%) / exp<2p£(2x - xo)) exp (—( 4050) >7
(42)
1 1mw
oz 2 (43)

To =1/ ;—Z Re{a}, po = V2hmwIm{a} (44)

Proposition 1.22. Let H be a Hilbert space with a
harmonic potential and {|a)} the set of coherent states.
Then, they form a overcomplete basis, that is, not for
all pair of states |a),|a’) it is satisfied (o/|a) = 0.
Hence,

|
I== d2
7T/Icv><oz| a,

Besides,(a|B) — 0 if and only if |a — 8| > 1.

(a|8)* = el (45)

Proposition 1.23. Let H be a Hilbert space with a
harmonic potential and |a) € H a coherent state.
Then,

|a> (t) — eiwt/Q |a(t)> — eiwt/Z ’aoei“t> ] (46)

Proposition 1.24. Let H be a Hilbert space witha har-
monic potential and o) € H a coherent state. Then,

(Z) = xq cos(wt) + % sin(wt), (47)
() = po cos(wt) — mwzg sin(wt). (48)



Definition 1.8. Let H be a Hilbert space and |¢) € H
a state. We say [¢) is a minimum uncertainty state if
and only if

AxAp = g

Proposition 1.25. Let H be a Hilbert state, |€) H a
state and |1,) = ox ), [p) = Op|v). Then,
(6 lt6n) (pliip) > |(eltp)l

and the equality only occures when there exists a A € C
such that |y) = X |y).

Proposition 1.26. Let H be a Hilbert space and |1) €
H be a state. Then,

| (wl6oply)

(49)

(50)

’2 27 (51)

> 1] 1 [#. 5] 19

and the equality only occures when {5Am, 5}7} =0.

Proposition 1.27. Let H be a Hilbert space and |€) H
a mintmum uncertainty state. Then,

(z[y) = () = (52)

C exp {-3'(33 - @)ﬂ exp {”é’ﬂ . (53)

for some A € C and with variance Azx® = h/2|\|.

Proposition 1.28. Let H be a Hilbert space with a
harmonic potential and b =a — ol. Then,

|a> - |0!l> ) 8‘0a> =0, Nb = 81.87 (54)
B0 =1, Ny, =nln),,  (55)
blny, =vn+1|n+1),. (56)

Proposition 1.29. Let H be a Hilbert space with
a harmonic potential, o = /HFre and H =
M(%—%—Nb), Then,
2 2 2
H,:L+mw (j_xo)g_mw 9

o 5 —5 %o (57)

Proposition 1.30 (Bogoliubov’s transformation). Let
H be a Hilbert space with a variant harmonic potential

2

MWy .o
—3° t<0,
V(d)=1,.2, (58)
6% 22 >0
Then,
?:lA)Aco.sh'y—i—lA)j sinh v, , (59)
a' = bsinh~y + bf cosh v
l:):dc?s}.l’y—dféinh'y, (60)
bt = —asinh~ + af coshy

Proposition 1.31. Let H be a Hilbert space with a
variant harmonic potential. Then,

1

1 ail 2
0,) = 100, = s exp |~ tauh 6] 0.
(o1
In /%. (62)

Proposition 1.32. Let ‘H be a Hilbert space with a
variant harmonic potential. Then,

04) = $(110), = exp [-2 (1" =) [0),,.  (63)

We call S() the squeezing operator.

Proposition 1.33. Let ‘H be a Hilbert space witha
avariant harmonic potential. Then,

1. If v — oo, then Az — 0 and |0,) — |z).
2. If v = —o0, then Ap — 0 and |0,) — |p).

Proposition 1.34. Let ‘H be a Hilbert space with a
harmonic potential and |v) € H a state. Then,

1. If |¢) is the vacuum state, Ap, Ax are constant.
2. If [¢) is an squeezed state, Ap, Ax vary.

Proposition 1.35. Let H be a Hilbert space, a,a' lad-
der operators and f(a,at), ff(a,a’) other ladder oper-
ators. Then, their general form is

fla,al) = ol + z1a + zal, (64)
o, 21,29 € C, |21|2 — \zz|2 =1 (65)
Proposition 1.36. Let H be a Hilbert space. Then,

squeezed states are the vacuum states of the operator

@~ = cosh~ya + sinh~ya'. (66)

Proposition 1.37. Let H be a Hilbert space. Then,
coherent states are the vacuum states of the operator

o =0 —al.

(67)

Proposition 1.38. Let H be a Hilbert space. Then,
the time dependent coherent states |a) (t) are the co-
herent states of the operator

dt = e_ZWtCAL.

(68)

2 Angular momentum

Definition 2.1. Let H be a Hilbert space. We define
the angular momentum operator on ‘H as the generator
of rotations

Dn(6) = eXp(—f(n, J),). (69)

Proposition 2.1. Let H be a Hilbert space. Then,

[ji, jj] =iny el (70)
k

Proposition 2.2. Let H be a Hilbert space. Then,
the angular momentum operator is hermitian, that is,
JI=J; vi
i = Ji Vi



Definition 2.2. Let H be a Hilbert space. We define
the squared angular momentum operator as

J?=(3,3),. (71)

Definition 2.3.

Jn = (n,J),. (72)

Proposition 2.3. Let H be a Hilbert space. Then, J?
s unvariant under rotations, that is,

[ﬂ,jn} —0, Vn. (73)

Proposition 2.4. Let H be a Hilbert space and
(|18,m)) a common eigenbasis of J? and J.. Then,

B =m?. (74

~—

Definition 2.4. Let H be a Hilbert space and ji the
angular momentum opperators. We define their ladder
operators as

Jy=J, +id,, (75)

~ 14 ~
Jp==Jp +=-J_
D (76)
y - *5:]4_ + §J_
Proposition 2.6. Let H be a Hilbert space. Then,
[jm jﬂ:] = +hJy, (77)
[L, j_] — 2., (78)
[ﬁ,ji} —0. (79)
Proposition 2.7. Let H be a Hilbert space. Then,
J_Jy=J%*=J%—hJ., (80)
JoJ =J% = J?+hJ.. (81)
Proposition 2.8. Let H be a Hilbert space. Then,
Ji |g,m) o< |j,m+ 1), (82)
T2 1gm) =025 (j + 1) |, m), (83)
Jz 14, m) = hm|j,m). (84)

Proposition 2.9. Let ‘H be a Hilbert space. Then,

Jilj,m) =G +1) —m(m+1)|j,m+1), (85)
J_ljm) =h/G(G+1) —m(m—1)]j,m—1). (86)

Definition 2.5. Matrix representation of jz

[jz] = 5jj’5mm/ hm.

Corollary 2.10. Metriz representation of J. for j =
0,1/2,1,3/2

[79] = (0), (88)
2 1/2 0
/2] _
2= (0 L) (59)
R 1 0 1
J={0 0 o], (90)
0 0 -1
3/2 0 0 0
’\3/2 _ 0 1/2 0 0
2] = 0 0 -1/2 0 (91)
0 0 0 -3/2
Proposition 2.11. Matriz representation of Ji
(il = 1/ + 1) —m(m £ D0y 0mmer. (92)

Corollary 2.12. Metriz representation of Ji for j =
0,1/2,1,3/2

[J9]=(0), (93)
= (7 o) (94)
0 V2 1
Ji={o o v2|, (95)
0 0 0
0 V3 0 0
32, [0 0 V40O
=10 o 0 V3 (96)
0 0 0 o0
(19" = (0). (97)
[(Ji/2)2]=<8 8) (98)
, 00 2
[(JD)]=10 0 2], (99)
00 0
00 23 0
23/2,2 00 0 2V3
T =10 0 o0 b (100)
00 O 0
Proposition 2.13. Matriz representation of J2.
(%] = 1255 + 1)8;/ Ormme - (101)

Definition 2.6. Let H be a Hilbert space. We define
the orbital angular momentum operator as

L:=rxp=—iirxV. (102)
Proposition 2.14. Let H be a Hilbert space. Then,

1. {fjl,i]} = Zeijkik

k
2 [ﬁQ,LZ} —0Vi, [iQ,L} —o0.
Proposition 2.15. Let H be a Hilbert space. Then,

1. Cartensian basis representation

(r| L = —il(y0,—20y)ey.ih(20; —x0; ) ey —il(x0y—y0y)e..

(103)



2. Spherical basis representation
1

0
(r|L ih——e,+1 " 8g0e9

i (104)

8. Sherical parameters representation

o [0 () s L O
(] L7 = —h Lmeaa b5 ) T anZe a2

(105)
(r| L, = _ind (106)
z — ago
Proposition 2.16. Let H be a Hilbert space. Then,
L.Y™(0,¢) = hmY™ (0, ¢) (107)
L2Y™(0, ) = B+ 1)Y;™ (8, ), (108)

with
mt|m —|mp"? m
(—1)"F (2l4:(1z)(l|ml|>!|)' e P (cos ).
(110)

Definition 2.7. Let H be a Hilbert space and L the
orbital angular momentum operator. We define its lad-
der operators as

Ly =L;+iL,=he" [694—zcot9&p] . (111)

; 13 d
_ = —iL, = he'? |—— +1 — 112
L L, —iL, =he { 50 + zcot@aw} (112)
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