1 Vector analysis

Definition 1.1. Let 8 = (O, B) be a reference the eu-
clidean space R? and P a point of the this affine space.
We define the position vector 7, of the point P as the
point that satisfies

P=0+7, (1)

2 Electrostatics

Law 1 (Coulomb’s Law). Let q1,q2 be two charges at
positions r1 and ro respectively. Then,

1 q192 o
- 512
dmeo ||ry —rq||°

Fi.0= (2)
Proposition 2.1. Let F be the electric force. Then,
F satisfies the strong form of Newton’s Third Law.

Axiom 1 (Superposition principle). The total force is
the sum of forces caused by every individual charge.

Proposition 2.2. Let r, € R? be a vector, B(ry, p)
an open ball of center r, and radius 6, and A € R a
number. Then, the integral

1
I= / ——dy, (3)
[l = x|
B(rpv(s)

is convergent for A < 3 and divergent for A > 3 7.

Corollary 2.3. Let r, € R3 be a position vector,
K C R3 a compact, and p(rp) : K — R a bounded
function. Then, the integral

r, —ra

I/p(rp)HrrHB dv
K poot

s convergent 7.

g (4)

Corollary 2.4. Let r, € R3 be a position vector and
p(rp) : R® — R a function of class C*(R3) and a
compact support. Then, the electric field can be calcu-
lated by the integral 7

1 r,—r
8= [ oir A F—
RS ||rp - rqH P q

()

dv, .

Proposition 2.5. Let r, = (2%,22,2%) € R3 be a
position vector, p(rp) : R® — R a function of class
C*(R3) and a compact support, and the integral

1

Hrp _rq”

(6)

dvg .

o) = [ plr,)
J

Then, the integral is convergent, the function is deriv-
able and its partial derivatives are obtained deriving
under the integral sign ?

=
= [ — ([ — ) p(r,)dv, .
/aw|m—m|p“)q
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Law 2 (Gauss’s Law). Let E be the electric field pro-
duced by Coulomb’s Law. If it satisfies the superposi-
tion principle, then

75 (E,ds); = @

€0
ov

(8)

Definition 2.1. Potential

r

d(r) ::/(E(r’),dr’)l,

ro

[®]=V:=Cm=JC!

9)

Theorem 2.6.

E=-Vo. (10)

Proposition 2.7. Let ® be the potential generated by
E. Then, ® obeys the superposition principle.

Theorem 2.8. 0®/0x" is derivable with respect to x'

and
0%® 0 p(ry) x! —
i2_/8i< Py e R
a(x") e T8\ |lrp — g™ Itp — Tq &2
(11)
which  is  convergent and  where S? =

{rg e R¥||Irgll = 1} 7.

Theorem 2.9 (Earnshaw’s Theorem for Electrostat-
ics). A charged particle cannot be held in a stable equi-
librium by electrostatic forces alone 7.

Proposition 2.10. Let ®(x,y) be the solution of the
Laplace equation in two dimensions and I' a curve de-
scribed by the condition (z —x0)* + (y —yo)> = R2.
Then,

1
D(x0,90) = ﬁygédr. (12)

r

Proposition 2.11. Let ®(z,y,z) be the solution of
the Laplace equation in three dimensions and ¥ a sur-
face described by the condition (z — x0)> + (y — yo)* +
(2 — 20)° = R%. Then,

(13)

Theorem 2.12 (Thomson’s Theorem). If a number of
surfaces are fived in position and a given total charge is
placed on each surface, then the electrostatic energy in
the region bounded by the surfaces is an absolute mini-
mum when the charges are placed so that every surface
is an equipotential, as happens when they are conduc-
tors 7.

Theorem 2.13. The electrostatic energy of a point
charge q near n perfect conductors of arbitrary shapes,
each conductor being either neutral or grounded, is half
the Coulombic energy between the charge q and each
image charge 7.



Theorem 2.14. The electrostatic energy of a set of
m point charges qi,...,qm near n perfect conductors
of arbitrary shapes, each conductor being either neu-
tral or grounded, is the Coulombic interaction energy
between the real point charges plus half the sum, from

=1 to v = m, of the Coulombic energies between
charge q; and each image charge 7.

3 Electrostatics in matter

Definition 3.1. Dipolar electric moment

p = /rp(r) dv,

Q

pl=Cm.  (14)

Theorem 3.1 (Green’s Reciprocity Theorem). Let
p1(r) and pa(r) two charge distributions producing two
potentials ®1(r), Po(r) respectively. Then,

/pl‘bg dv = /pg@l dv. (15)
R3 R3
Definition 3.2. Electric polarization vector,
1 « _2
:A—Vzpi, [P] = Cm (16)
i=1

Definition 3.3. Bounded charge or polarization
charge

Cm™3,
Cm™?2

pp = —divP, [op] =
op = (p,m)y, [op] =

Proposition 3.2. In the interior and exterior of a di-
electric,

1 r,—r
B(ry) = ey P (ontra) 2 de)
50 p ~ Tq
(19)
4 Magnetostatics
Definition 4.1. Density current
J = pv, [J]=Am %K = ov, [K]=Am™ '
(20)
Definition 4.2. Electric current
I::/<J7ds>1,/<K7dr>I, [[]=Cm™! =A.
o v
(21)
Axiom 2 (Ohm'’s law).
J=gE, =0 'mt=Sm™, (22)

where g is called the conductivity.

Proposition 4.1 (Ohm’s macroscopic law).
AV =1IR, R==—, [p] = Qm,

where p is called the resistivity.

Proposition 4.2 (Joule’s law).
P=1V.
Theorem 4.3 (Continuity equation).

dp

5 =0.

div + —

Theorem 4.4 (Kirchhoff’s circuit laws). 1.

2. For intensity,
n
Y I=o.
i=1

3. For voltage,

n

Y vi=o.
=1

Axiom 3.

Ho rp, — I
B(rp):M/J(rq)X”rp_rqu”qa
v p — Tq

Definition 4.3. Magnetic permeability
1

€oc?’

Ho = (o] = NA~2,

Axiom 4.

Flrg) = [ 3(1,) x Blr,)du,

v

Axiom 5 (Lorentz Force).

1 r,—r r,—r
ds) +—— /Pp( )415?0%?@; B(r,) = @qv x —2 9
dmeo J ey = g A )

Theorem 4.5.

Fi 0= @1112//dr2>< dr; x qug -
m ) [

Corollary 4.6. F14,2 = —FQA,]_.
Theorem 4.7.
B=V Xx / dug
l[rp — rqH
Theorem 4.8.

VXB:/LQJ.

Corollary 4.9.

b (Bar), = po [ (3.0,

0% P

(23)

(33)



Theorem 4.10.

divB = 0. (36)
Definition 4.4.
Ho 1
A(r):—/J(r ) ——dv,, [A] = Tm.
P am ! rp — rqll !
1%
(37)

Proposition 4.11. The vector potential is not unique,
A and A’ = A + V¢ are equivalent.

Proposition 4.12.

¢mlzt/<AwdﬂI. (38)
)X
Theorem 4.13. If J =0, then
V2, =0 (39)

5 Magnetostatics in matter
Definition 5.1. Dipolar magnetic moment or mag-
netic moment.

1

m::i/rqu(rq)dvq7 [m]:AmQZJT_l.

(40)

Proposition 5.1. For a wire,

1
m:ilﬁrxdr.

~

(41)

Proposition 5.2. Let v be a curve such thatT" is con-
tained in a plane. Then, m = [Sn.

Theorem 5.3. If py,, p, are constants, m = ;L L.
Proposition 5.4. If ||[r|| > 1, then
fom Xr
A(r) = T 30 (42)
A x|
m 1

B(r)

o [3<m,r>1r

- 5 = _:U/OV(DWH ém
A | irl ]

o 3
I
(43)

Definition 5.2. The north pole of a magnet is where
the magnetic field lines leave the magnet, which is

equivalent to the extreme that points to the geographic
north pole.

Theorem 5.5. Magnetic force and torque on a dipole

F =V(m,B),, T=mXx B. (44)
Definition 5.3. Magnetization
Sl - 11 o
M = AVZm“ AV2/1‘><Jdv, [M]=Am
=1 AV
(45)

_ 1 (m,r),
47 Iﬂgﬁ?ﬂition 5.5. Magnetic poles density,

Theorem 5.6. At the exterior (there is no J).

J Ky,
A(rp) — @ M(rp) d'l)q + @ JW(I'P) dSq ,
47TV [rp — 14l 4m [rp —rqll
(46)
where J,, = curl M, K,,, =M X n.
Theorem 5.7. At the exterior,
140 r,—r
B(ry) = 42 [135(0) + In(ey)) x T2,
Am [rp — 4l
v
(47)
B(r,) = 1 / pa(rg) 2 F0 gy, 4 0 ygam(rq)qu:s d
47TintV [rp —rqll 47T6V [rp —rqll
(48)
where py, = —divM, 0., == (M, n),.
Theorem 5.8. In general,
Ho rp —r
Blry) = 52 [ 3(0) + Juntey)) x T2
7TintV [[rp — rqll
(49)
o r, —r
+— PKy(rg) + Kin(rg)] X piqg dsq.  (50)
A [rp — 14l
av
B(r,) = 1 / p(rg) 2T gy, 1 0 ?ggm(rq)qug d
47Tintv [rp — 4l 47T6V [rp — rqll
(51)
B B L R R L Y e
47Tintv [rp — 4l 47T8V [Ty — 4l
(52)
Definition 5.4. Magnetic intensity
B -1
H=—_-M, [H=Am" (53)
Ho

Theorem 5.9. Ampere’s theorem for magnetic inten-
sity

corl H = 3, = 55 (H,dr), / dpds),  (54)
o >

pm = divH, om = (M,n),. (55)
Definition 5.6. Magnetic susceptibility,
M = x,, H, [Xm] = 1. (56)

6 Slow variable fields

Axiom 6 (Lorentz force for non-stationary condi-

tions).

F=¢(E+v xB). (57)
Definition 6.1. Emf,

£ 515 (Eer, dr),. (58)

~



Proposition 6.1. For open circuits, € = AWV.
Axiom 7 (Faraday’s Law).

@%Edr

Theorem 6.2. Mazwell-Faraday law for stationary
systems (general, by contrast to the original Faraday’s

law)

<B ds),  (59)

B
curl E = —a—

ot

Theorem 6.3. Faraday’s law for moving systems.

(60)

E' =E+v xB. (61)
Definition 6.2. Mutual inductance or induction coef-
ficient.
1= Ko 56% é(drz ,dry);. (62)
47 HI‘Q — I H
Y2 71
Corollary 6.4. My, 1 = My 5.
Proposition 6.5. ¢, 1 = Mo, 11;.
Corollary 6.6. & = —dfm = —M2<_1f1.
Definition 6.3.
(63)

Ho 1
L.=H L (dry.dry),.
47r7§§’§ ||r27r1|\< r2,dri);
Y o

Proposition 6.7. Equations for a transformer (the
last one is the coupling coefficient).

m_ ¢ & Lh Mes L (64)
n2 P21 &y Moy Ly L, ’
M.
LyLy=M2,,, k== (65)

VLiLy

Theorem 6.8. For rigid and stationary circuits with-
out hysteresis, Wy, = Iy, .

Theorem 6.9. Stationary circuits and without hys-
teresis,

L
ZI 75 Aude) = 5323 Myl
(66)
Corollary 6.10. Particular systems.
1. Coil/bobbin: Wy, = L LI?
2. Two coupled circuits: L1137 + MI1 Iy + $LoI3

Theorem 6.11. For static circuits

1
Wi = 2/(H B),dv=W,. (67)
R3
Theorem 6.12. With and without battery respectively

F=VW,|,, F=VW,,. (68)

Definition 6.4. Magnetic reluctance

R = 55 Lo (69)
Proposition 6.13. nl = ¢,,R
Proposition 6.14 (Langevin diamagnetism). Let S

be a system of N atoms per unit volume separated by
a mean square distance (r?) ;. If the atoms have Z or-
biting electrons of mass m. and charge q, then

2
ez
Xe =g poN (%), (70)
Proposition 6.15. Formulas for cylindrical coil
N2 2
[ = Holv T (71)

l

Proposition 6.16. Formulas for toroidal coil

N2J?
L = uoN? (b— N a2) . W, =t
(72)
7 Maxwell equations
Definition 7.1. Displacement current
OE
Jg=€e—. 73
4= €0 (73)
Proposition 7.1. Lorentz force
F:/pE+Jdev. (74)
Q
Theorem 7.2 (Maxwell’s equations in vacuum).
divE =2 (75)
€
divB =0 (76)
0B
1E=—— 7
cur 5 (77)
curl B = pody + poda, (78)

in integral form,

1
(E,ds); = — [ ptdv (79)
g/
55 (B,ds), = (80)
o0
d
;f (E, dr), — —&/<B,ds>1 (81)

b

d
%(B,dr)l:u0/<Jt,ds>I+u0605/(E,d5>1
)

) P



Theorem 7.3 (Maxwell’s equations in media).

D —
div Pr (83) e’rn — /de (100)
divB =0 (84)
0B
curl B = ot (85) Theorem 7.9. Boundary conditions
oD
IH=1J 86
cur f + = ot ( ) <111_>2,B2 _ B1>I -0 (101)
in integral form, ni2 % (B2 = Bi1) = K; + Ky, (102)
<1’11H2, HQ - H1>1 = O0Om (103)
% <D,dS>I = / f dv (87) ng_,2 X (H2 — Hl) = Kf (104)
a0 Q (n12,D2 —Dy), =0y (105)
&25 (B,ds); =0 (88) n; 3 X (E2 — E;) =0. (106)
Proposition 7.10. There exists functions ®, A such
56 (E,dr), = —— / (B,ds), (89) that
% OA
B = curl A, E=—-grad®—- —. (107)
¢M¢%:/@ﬂ® dt/<Dds> (90) Z
0% x Definition 7.6. Gauge transformations
Definition 7.2. op ot
’ Y r_
p= E (91) O =P at, A A + gradf. (108)
Proposition 7.4. Definition 7.7. Coulomb and Lorenz conditions
0 )
divJ, + Bptp =0. (92) V%6 =—divA = divA' =0, V%—&p% =0 = div A/—i—e,uaat
(109)
Theorem 7.5. Electromagnetic energy
1 Proposition 7.11. In general,
W, — ,/<H,B>, 4 (D,E),dv.  (93)
*a V2ot L(diva) = —P v2A- PA_Glivatqpl®
ot ¢ P o VAT
Definition 7.3. Poynting vector, S = E x H. (110)
Theorem 7.6. Theorem 7.12. If Coulomb conditions,
dwW, dWep,
dtk dt :7/<S’ds>f’ (04) vip =L VZA —¢ 2——6 g(V(I))—— J
5 € e Har N (ﬁlt)
0 H,B), + (D,E
/(J,E>I dv + &/ < )i 5 < )i dv =— yg (E x Hadssgarch solutions.
Q Q a0 -
(95) Theorem 7.13. If Lorenz condition,
Corollary 7.7. 9 e py 9 PPA
v®7€ﬂw—f?, vAfﬁﬂatQ —7[1“]')5,
AW _ (H,B), +(D.E), o (112)
=3y = 9 : (96) which have the solutions

Definition 7.4. Maxwell stress tensor

55 1 5ij
Oij =€ (ElEj - 2]E2> + ; <BZBJ - 2]B2) s

(97)
6<E®E1H)+1(B®B1]I>.
2 I 2

Theorem 7.8. Electromagnetic force per unit volume

(98)

dive =f + euaa—?. (99)

Definition 7.5. Electromagnetic impulse

1 1
P(r,t) = — tg) —d d 11
(r.0) = g [ g to) ey g . (113)
Q

n 1
A(rp,t) = E /J(rq,to)m qu +A0, (114)
p q
Q

where
— 1 1
to ::tfinrp rq||7 U= —, ci= .
u Ver Veéoto
(115)

/




Corollary 7.14. Single particle, Lienard- Wiechert po- 8 Electromagnetic potentials
tentials (m = (rp —1q)/|rp, —14])
Theorem 8.1. Wave equations

1 1 1 1 qv
d(r,,t) = — , A(ry,t ;
(rp,t) = — Ity — gl 1— (v,m),/ul, (vp, 1) = 47r Iy = rolpolg (3, @/u ﬁ%azE ~0 (119)
(16) T

_ 1 1 (1 — 52)(n—ﬁ) " q 1 n x [(Il ﬁ VQ,G'I wg—— 5 Meﬁ
dmeo ||r, — 1l (1—(B,m),)° Ao clry, —xg (1-(8,m),)*
(117)

=0. (120)

B-=lnxE (118)
C
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