1 Introduction

Definition 1.1. Let y(x) be an unknown function.
Then, a differential equation is an equation where z,
y(x), and its derivatives intervene. We write this equa-
tion in the following ways.

dy d?
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(1)

Definition 1.2. Let F (x,y,y’, VA ,y(”)) =0 Dbe a
differential equation. Then, we define the order of the
equation as the order of the maximum derivative in the
equation.

Definition 1.3. Let F (z,v,y,y", ... ,y(")) =0bea
differential equation. Then, we define the degree of the
equation as the number of the exponent in the highest
order derivative.

Definition 1.4. If there are more than one differential
equations, we say that we have a system of differential
equations.

Definition 1.5. If the function y that intervenes in the
differential equation has more than one variable, we say
that we have a partial differential equation, a differen-
tial equation in partial derivative, or simply PDE. If
not, we say we have a ordinary differential equation, a
differential equation in ordinary derivative, or simply
ODE.

Definition 1.6. Let F' = 0 be a differential equation.
We define finding the solution to the differential equa-
tion as finding the function y that satisfies this equa-
tion.

Definition 1.7. In a differential equation, we define
the general solution as the set of all the solutions to
the equation.

Definition 1.8. In a differential equation, we define
a particular solution as an element of the general solu-
tion.

Proposition 1.1. Let be a differential equation of the
form f(x)dx = g(y)dy. Then, a function y(x) is a so-
lution of the differential equation if and only if it is a

solution for
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Proposition 1.2. Let be a differential equation of
the form f(x)dx = g(y)dy, with the initial condition
y(a) = b. Then, a function y(x) is a solution of the
differential equation and the satisfies the initial condi-
tion if and only if it satisfies

jf(m)dw = /yg(y)dy-
a b

(2)

(3)

7dz,dx2,...

Definition 1.9. Let f(z,y) : R x R — R be a func-
tion. We say the function satisfies the Lipschitz condi-
tion with respect to the variable y if it is true that

V(z,p1), (x,y2) 3k | |f(z,91) — f(2,92)] < Klyr — y(zl)
4

And we call the constant k as the Lipschitz constant of

thefdnction [ ]

y gn

ljirﬂpo osition 1.3. Every function such that Z—J; # 00
in S satisfies Lipschitz Condition. It’s enough to take
A > maxg |g—£| Furthermost, in most cases the theo-

rem fulfills Vx, given that there’s no limit for h,h'.

Proposition 1.4. If 3! a solution such that y = b
when © = a, the general solution to the first order dif-
ferential equation is a function y(x) with one trivial
constant: the value of y when x = a, i.e. b

Theorem 1.5. Let S C R? be a closed set defined by
|t —a| < h and |y — b <k, and let f(x,y,) a contin-
wous function in S which satisfies Lipschitz Condition
and which is bounded by real number M. Then, the
differential equation y' = f(x,y) has a unique solution
such that y = b when x = a, in the interval |[x—a| < I/,
where h' = min (h, k/M)

Theorem 1.6. If a system of n first order differential
equations yll = fl(xvylvyn)vyé = f2(z,y1,Yn) - - 'y’;L =
fux,y1,yn), the functions f1...f, are continuous in
the S region defined by |x — al < h, |11 — b1| <
k1. |yn —bn| < kn, and if the satisfy (in S) Lipschitz
Condition | fi(x,y1 ... yn)— fi(x, 21, 2n)| < A1lyr —21]+
coo 4+ Aplyn — zn| then in the I interval, |x — a| <
B = min(h, 5) where M > |fi(z,y1 ... yn), there ex-
ists a unique set of continuous functions y1(x) ... yn(x)
with continuous derivatives inside I, which are solu-
tion to the system of differential equations and satisfy

yi(a) =b;
Proposition 1.7. Given that a differential equation of
n n—1
n order in v, ZIE{ = f(z,v, % .. %) s equivalent
to n first order differential equations in y,y1...Yn_1
- d d dyn_ dyn

which are §¢ =y, GE =yp .. =2 =y, Fol =
fl@,y,y1 ... Yn-1), a differential equation of order n
has a unique solution with y(xo) = bo,y (zg) =
by . ..y(”_l)(xo) = b,,_1 if the previous conditions are
fulfilled.

2 First order equations

Definition 2.1. Every family is expressed by a rela-
tion F(x,y,C) and they’re the geometric representa-
tion of a differential equation’s general solution.

Definition 2.2. Given a family of curves F(x,y,C) =
0 we find out its differential equation f(x,y,dy/dx) =
0. The differential equation of the trajectories will be

f(l‘, Y, —dl’/dy) =0.
Definition 2.3. The Clairaut’s Equation is defined by

o dy dy
LA +f (dm)
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Proposition 2.1. The family of non-parallel lines
y = Cx + f(C) represents the general solution of the
Clairaut’s Equation.

Definition 2.4. A singular solution is an additional
solution not included in the general one (it doesn’t
come up with any C value).

Definition 2.5. An envelope is a curve which is tan-
gent in every of its points to the general solution
y=Czx+ f(C)

Proposition 2.2. Let f : R — R be a function and
let y be another function of the form y(x) = cx + f(c).
Then, the envelope satisfies that

o=- )

Proposition 2.3. If the envelope exists, it must sat-

y=Czx+ f(C)
_ ol
- ac

Definition 2.6. A linear differential equation is an
equation such that:

d d
.Mm£+3@m+am:o@8%+mmy:mm
Proposition 2.4. The general solution to a linear dif-

ferential equation is

Proposition 2.8. In the rest of cases, it can be reduced

to a linear differential equation using the substitution
1—n

=Y

Definition 2.9. The Riccati’s equation is defined as:

y' = P(z)y” + Q(z)y + R(x)

Generally, it can’t be solved, but given a particular
solution we can find the general one.

Proposition 2.9. Given a particular solution
Yp = P(x)yg + Q(X)yP + R(I)

We can transform Riccati’s equation into Bernoulli’s
equation with n = 2, realizing a change of variables we
eventually obtain a linear equation.

Proposition 2.10. Given two particular solutions to
a Riccati’s equation we can find the general solution.

Definition 2.10. F(z,y) is an nth-grade homoge-
neous equation if and only if

F(tx,ty) =t"F(x,y) VteR

Proposition 2.11. If F(x,y) is an homogeneous equa-
tion of grade n, G(x,y) m-th grade homogeneous, then
FG,F/G are homogeneous equations of grade n + m,
n — m, respectively.

Proposition 2.12. I%F(x, y) is an homogeneous equa-

y= Cexp{ { / P(ac)dx} }Jrexp{ { / P(x)dx]} / Q@%Xﬁ{gffe w%%it dF»y) is only a function of y/x

Definition 2.7. A linear differential is defined as re-
duced if Q(z) =0

dy

—~+P =0

7 TPy
Proposition 2.5. The general solution to a reduced
linear differential equation is

y = Dexp{[— / P(x)d:v]}

Proposition 2.6. Let y; be a particular solution to
the reduced differential equation, then the general solu-
ton is y = Cyp

Proposition 2.7. Let y; be a particular solution to
a reduced differential equation and ys to the complete
differential equation, then the general solution to the
complete differential equation is y = Cyy + yo

Definition 2.8. The Bernoulli’s equation is defined
as: p
=+ Pla)y = Qa)y"

Vn € R, being linear for n =0,n =1

Definition 2.11. An homogeneous differential equa-
tion is one such that

M(z,y)dz + N(z,y)dy =0

Being M, N homogeneous functions both with same
grade

Proposition 2.13. An homogeneous differential equa-
tion can be resolved with an easy change of variables
rigged by y = vx or x = yv, depending on whether we
want the solution to be a function of x or a function

of y (x(y),y(x))

Definition 2.12. An homothecy is a linear transfor-
mation of a point z,y to a point kz, ky

Proposition 2.14. The curves representing solutions
can be transform among themselves between homothecy

Definition 2.13. An exact differential equation is an
homogeneous differential equation such that

M (x,y)dx+N(z,y)dy =0 exact < Ju(z,y)||du = M(x,y)dz+N (s



Proposition 2.15. Ezact differential equations can be
solved using

du=0=u(z,y)=C
Proposition 2.16.

oM
dy

ON

M(z,y)dx + N(x,y)dy =0 exact < —— = 5

Definition 2.14. A non-null function pu(x,y) is
an integrating factor of the differential equation
M (z,y)dx + N(z,y)dy = 0 if and only if

(@, y) M (z, y)dx + p(z,y)N(z, y)dy = 0
is an exact differential equation
Proposition 2.17. There 3 oo integrating factors.

Proposition 2.18. Integrating factors depending only
on x can be found

=)

Proposition 2.19. Integrating factors depending only
on x can be found
y dz] }

(/=
= exp
(V, Vi, 0) be a vector on

Proposition 2.20. Let V=

a plane, such that

V:L’ = M(l’,y)7 Vy = N(l’,y)

3 Linear equations

Definition 3.1. A nth-order linear differential equa-
tion is:

d”y
dx™

n—1

A"y dy
P P, i
+ P (x )da:n—l +-+ 1(z)dx

+ Pp(2)y = R(x)
Proposition 3.1. Let a solution to the reduced equa-
tion be cancelled, as they ordinary derivatives until
(n—1) in some xy point, then the solution is y(z) =0

Proposition 3.2. Let uy ...u; be solutions to the re-
duced diff. eq., then a lineal combinations of those ones
ciuy + ...cpug are also solution.

Proposition 3.3. Let y; and yo be solutions to the
complete equation, y, — yo is solution to the reduced
one.

Proposition 3.4. Let y; be solution to the complete
equation and wuy to the reduced one, then yi1 + uy 1s
solution to the complete one.

Theorem 3.5. The general solution to a complete dif-
ferential equation can be obtained adding the general
solution of the reduced one to the particular solution of
the complete one.

Definition 3.2. The wronskian of n functions is

Wiuy ... uy) defined as
Ul Unp,
up uy,
W(uy...up) = : :
DD

Uy ... U, linearly dependant < dc;...c, not-null so

that cyuy + -+ cpu, =0

Theorem 3.6. Let be n linearly dependant functions
and exists their derivatives until (n—1), then its wron-
skian =0

Theorem 3.7. Let the wronskian of n solutions to a
reduced differential equation get cancelled in a point,
then the solutions are linearly dependant and its wron-
skian gets cancelled ¥V points.

Theorem 3.8. Every solution to the reduced equation
can be exgrgssed g a linear combination of n linearly

[ independant of the path < VxV =0« (va)zrfa’e%e@degfsﬁlugvnﬁ Mdx+Ndy =0 ezxact

Definition 3.3. A reduced second order differential
equation with constant coefficients is one such

d?y  dy

g2 TPy, Tay=0

Definition 3.4. The auxiliary equation is the reduced
equation written as a polynomial.

m?+pm+q=0

Definition 3.5. A reduced nth-order differential equa-
tion with constant coefficients is one such

_y+"'+pnyzo



4 Laplace transform

Proposition 4.1. Let L{f(t)} =
L{e"f(t)} = F(s —a)

Proposition 4.2. Let L{f1(t)} = Fi(s), L{f=(t)} =
FQ(S), then E{clfl(t) + Cgfg(t)} = ClFl(S) + CQFQ(S)

F(s), then

Proposition 4.3. Let F(s) = so converge for s = sg,
then it converges Vs > sg

Proposition 4.4. For any continuous function f(t) in
the interval 0 <t < oo (or at least discontinuous in a
finite number of points) which satisfies | f(t) | Me™,
there exists the Laplace Transform Vs > a.

Proposition 4.5. The Laplace Transform the nth-
derivative of a function is

n—1

L W) =" F(s) = 3 8RO

k=0

Proposition 4.6. Ve > 0 arbitrarily small, if u(z) is
a continuous function, we can find a polynomial P(x)
| Jux) - P(a)| < 2, Va.

Lemma 4.7. If u(z) is continuous in [0,1] and

fol z"u(z)dx = 0 Vn € Nx, then u(z) =0 in [0,1].

Theorem 4.8. The Laplace Transform F(s) of a con-
tinuous function f(t) isn’t the Transform of any other
continuous function.

Proposition 4.9. The Laplace
t"f(t),¥n € N is (—1)"F(™)(s)

Transform  of

The of

Proposition 4.10. Transform

Jy F(r)dr is F(s)/s

Theorem 4.11. Let F(s) and G(s) be the Laplace
Transforms of f(t) and g(t), then then product
F(s)G(s) is the Laplace Transform of (f = g)(t) =
fot f(r)g(t —7)dr = fot f(t —7)g(r)dr. Both integrals
are named the convolution of f(t),g(t).

Laplace

Proposition 4.12. The Laplace Transform of L{f(t—
a)d(t — a)}, where O(t) is the Heaviside step function,

is e” " L{f(t)}

5 Power series

Definition 5.1. Let f(z) be a function, then f(x)
is analytical in a if it is an infinitely differentiable
function such that the Taylor series at a converges
pointwise to f(z) for a in a neighbourhood of z.

Definition 5.2. In equations of the form (5.1), a is
an ordinary point if P(x), Q(x) are analytical in a.

Definition 5.3. If one the functions isn’t analytical in
a, but both of them are analytical in a neighbourhood
of a, then a is a singular point.

Definition 5.4. Consider the previous (5.1) equation

d?y dy

a singular point a is regular singular if (x — a)P(x),
(r —a)?Q(x) are analytical, thus they allow Taylor Se-
ries expansion

Definition 5.5. The indicial equation in a series ex-
pansion with Frobenius’ Method is

r(r—1)+rpo+q=F(r)=0
Being pg and gqg the zero-order terms in Taylor expan-
sions of p(z) and ¢(z).
Definition 5.6. The hypergeometric differential equa-

tion, also called Gauss’ equation is

(1 —2)y" + [y —(a+B+1Dzly —afy=0 (6)

which has 2 regular singular points (x = 0 and z = 1),
the rest of them are just ordinary points.

Proposition 5.1. Ifry isn’t a positive integer, namely
if v isn’t zero or a megative integer, there exists a first
solution

oo
y1:chx”=1+clz+02$2—|—03x3—|—... co=1

n=0
Definition 5.7. The first solution around the origin
of the hypergeometric differential equation is
ala+1)B8(B+1) 2 ala+1)(a
2y(y+1) 31y

n=0 :

named the hypergeometric series F(«,3,~,x) which
converges V|z| < 1. Where (¢),, = ¢" is the rising
Pochhammer symbol or commonly named the rising
factorial.

Proposition 5.2. If ry isn’t a positive integer, namely
if v isn’t zero or a negative integer, there exists a sec-
ond solution

oo
yo =2t Yy = E cpr Y = x1_7(1+clx+02x2+03x3+. O
n=0

Definition 5.8. Legendre’s differential equation is

(1—2)y" = 2zy +n(n+1)y =0 (7)

with n not necessarily being an integer, n € R

Definition 5.9. If n is zero or a positive integer, the
analytical series solution to (5.4) is finite. Said series
is named Legendre polynomial of nth-order.

P,(z) = F(n+1,—n,1, %(1_3;)) - (n +(?)Z(n)n ((x —nl!)/?)n

n=0
where (q),, = ¢" is the rising factorial.

Proposition 5.3. P,(z) = (—1)"P,(—x)



Proposition 5.4. Orthogonality of Legendre’s Poly- < mn. Then
nomials. If m # n, then Vr € (—1,1). ;
/Pn(x)Rm(x)dx =0
21

1
B Proposition 5.6. Let P, (x) be the n-th degree Legen-
/Pm(x)Pn(x)dx =0 dre polynomial, then
21
/ 2
P, P, = [ |P,(2)]? =
(Pu@ | Pate)lr = [ P = 52

Corollary 5.5. Let R,,(z) be any polynomial of degree 4
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