1 Arithmetic and topology

Definition 1.1. Let R? = {(z.y)|z,y € R}. Let us
consider the following operations of addition and mul-
tiplication:

e Sum: given two (a,b),(c,d) € R? we define the
sum “+” by components

(a,b) + (¢,d) == (a+ b,c+ d). (1)

e Product: given two (a,b), (c,d) € R? we define
the product by

(a,b)(c,d) = (ac — bd, ad + be). (2)

We define the set C as (R?,+,).

Proposition 1.1. The set C of complex numbers is an
abelian field.

Proposition 1.2. Let C be defined in the second way.
Then,

1. C is an abelian ring.

2. If we define f as

f:(C+,) — (R% +,)
(x,y) —x+yi (3)

then f is a morphism of rings.

3. The function f is, in fact, an isomorphism and
C is an abelian field.

Proposition 1.3. The subset of C generated by num-
bers of the form x = (x,0) is isomorph to the set of
real numbers.

Theorem 1.4. C is not an ordered field.

Definition 1.2. Let z = a + bi € C. We define the
conjugate of z as
Z=a — bi. (4)

Proposition 1.5. For all z,w € C, we have:
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zz € R. In particular, if z = a + bi, then
2:

z a? + b2,
5. zeR&e z=12%.

6. The inverse element of z € C* in multiplication
is 271 = z/(22).

Definition 1.3. Let z = a + bi € C. We define the
real part of z and imaginary part of z respectively as
()

Re{z} = a, Im{z} :==b.

Proposition 1.6. Let z € C. Then,

Re{z} = Z;—Z,

22—z

27 (6)

Proposition 1.7. Let z,w € C and the following dis-
tance function.

Im{z} =

J:(C~><<C—>]R
(z,w) — d(z,w) = |z — w|

(7)

Then, (C,d) is a metric space.

Definition 1.4. Let 2 = a + bi € C. We define the
modulus of z as 3
|z| == d(z,0),

which is equivalent to \/zZ.

Definition 1.5. Let » € Rt and 2y € C. We define
an open disc of radius v and center zy as follows

B (z0) ={z€C||z— 2| <r}. (9)

Definition 1.6. Let » € Rt and 25 € C. We define a
punctured disc of radius r and center zy as follows

(8)

Bl (z) ={z€C|0< |z —z| <7}. (10)

Definition 1.7. Let » € Rt and z5 € C. We define a

closed disc of radius r and center zg as follows

Bi(s) ={z€Cllz—z|<r}. (1)

Definition 1.8. We denote by D the unitary disc of
center 0 and radius 1. Besides, we denote by T C C
the unitary circumference, that is,

T:={zeC||z|=1}.
We also denote it by S!.

Lemma 1.8. The set B = {B,(z) |7" € R*, 2 € R?}
is a basis of the topology of R? as a metric space. The
set D = {D,.(z0) |7 € RT, 20 € C} is a basis of the
topology of C as a metric space.

(12)

Proposition 1.9. The sets C and R? with the topology
of metric space are homeomorphs.

Corollary 1.10. There is a bijection between B and
D, that is, between balls of R? and discs of C.

Proposition 1.11. Let z,w € C. Then,

1. |z| > 0.

2. |z|=0&2z=0.

3. —|z| <Re{z} < |z| and —|z| < Im{z} < |z|.
4 |zw| = [2]|w].

5. Ifw#0, |z/w| = |2|/|w]|.

6. |z4+w| <|z| + |wl|.

7. |+ w| > |J2] — [l

8. |Refzw}| < [z|lw| and [Tm{z}] < |z[[w].

9. |z +w]* = |2]* + |w|* £ 2Re{zw}.
10. 2" = |2|"



Corollary 1.12. Let zq,..
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.y 2n € C. Then,

(13)

Definition 1.9. Let z € C*. We define the argument
of z, denoted by arg z, as the real number 6 such that
z = |z|(cos 8 + isin ). Let us observe that arg z is not
a function but a multivalued application. We define
the principal argument of z as

Argz =0y € [0,27) | z = |z|(cos + isind). (14)

In general, to make # to be unique, it is enough to
impose it to belong to a certain semiopen interval of
length 27. Choosing the interval I is called by taking
a determination of the argument.

Definition 1.10. Given a complex number z that we
can express by z = |z|(cos + isinf) for some 6 € R,
we use the notation r = |z| to write

z=r;=r(cosf +isinb) (15)

or simply 79 when it is obvious which complex number
are we referring to. We call it polar form of z.

Proposition 1.13. Let z € C and ry its polar form.
Then,

2" =(r")ne- (16)
Corollary 1.14 (De Moivre’s Formula). Let 6 € R.
Then,

(cosB +isin )" = cos(nb) + isin(nd). (17)

Proposition 1.15. Let z,w € C. Then,
1. argzw = arg z + argw + 27k.
2. argz" = nargz + 27k.

Definition 1.11. We denote the complex numbers z
generated by moving the point zyg = 1 around T a
length ¢ in a counter-clockwise direction by 1;. In other
words, 1; are the complex numbers z = cost + i sint.

Proposition 1.16. Let f : t — 1;. Then, f is a
morphism from (R, +) to (T,-), with ker f = 2n7Z.

Definition 1.12. Let z € Candn € N. Wesay w € C
is an n-th root of z if and only if

w" = z. (18)

Theorem 1.17. Let n € N* and z € C. Then,
there exist wy,...,w, € C such that w® = z for all
i€ {l,...,n}, and w; # w; for all i # j. Besides,
if w € C satisfies W™ = z, then w wy for some
ke{l,...,n}.

Theorem 1.18. Let vy : [a,b] — C be a continuous
curve such that v(t) # OVt € [a,b]. Then, there exists
a continuous determination ¢ of the argument of .
Then, ¢(t) + 2nk with k € Z is the general expression
of all the argument determinations of v. If v is differ-
entiable, then ¢ is differentiable and ¢’ = Im{~'/~}.

n
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Definition 1.13. Let v : [a,b] — C be a regular
curve. We define the variation of the argument along

b

— V(1)
A, arg :=1Im / ) dt

(19)

a

Definition 1.14. Let v : [a,b] — C be a curve such
that v(t) # OVt € [a,b]. Then, we define the indez of
with respect to the origin or the number of revolutions
of v around the origin
1

Ind(~,0) = %Av arg . (20)
Proposition 1.19. Let v : [a,b] — C be a piece-wise
regular curve. Then,

b
Tnd(y,0) = % / 1((5)) dt

a

(21)

Definition 1.15. Let v be a closed curve and z ¢ T.
We define the index of v with respect to z as

Ind(v, 2z) == Ind(y — z,0). (22)

Proposition 1.20. Let v : [a,b] — C be a curve
piece-wise of class C*([a,b]). Then,

b
Ind(y, 2) = % / W(’Z)(t_)zdt. (23)

a

Proposition 1.21. Let v : [a,b] — C be a piece-wise
of class C'([a,b]). Then, Ind(—~, z) = —Ind(v, 2).

2 Sequences and limits

Definition 2.1. A sequence of complex numbers is an
application of the form

Nom — € (24)
n— 2z,

We denote it by {z,},—,

Definition 2.2. Let {z,} -, be a sequence. We say
the sequence has limit L or it converges to the limit L
if and only if

Ve € RT3ng € N | |z, — L| < e¥n > ny. (25)

We denote it by

lim z, =L,

Jim lim{z,},—, =L,

{zn}rey — L.
(26)
Theorem 2.1. Let z, = z, + iy, be the general term

of a sequence {z,} -, and L = L, +iL, € C. Then,

{zn}reo = Le{zn} 2o = Lo AMuyntreo — Lz(. |
27



Definition 2.3. Let {z,},., be a sequence. We say
it tends to infinity and denote it by lim z, = oo if and
only if
Vk € RT3ng € N | |z,| > k,Vn > ny. (28)

Definition 2.4. Let {z,},., be a sequence. We say
it is a Cauchy sequence if and only if

Ve € RT3ng € N | |z, — 2| < &,Vn,m >ng.  (29)
Theorem 2.2. Let {z,}.., be a convergent sequence.
Then, it is a Cauchy sequence.

Theorem 2.3. Let z, = x,, + iy, be the general term
oo
of a sequence {z,}, . Then,

Definition 3.6. Let A be a subset of a metric space
(M, d) and a a point in M. We say that a is an accu-
mulation point of A if every ball with center a contains
points of A different to a. In other words, every punc-
tured ball satisfies By 4 (a,r) U A # 0.

Definition 3.7. Let A be a subset of a metric space
(M, d). We define the interior of A as the set of all
interior points of A, and we denote it by int(A).

Definition 3.8. Let A be a subset of a metric space
(M, d). We define the exterior of A as the set of all
exterior points of A, and we denote it by ext(A).

Definition 3.9. Let A be a subset of a metric space
(M, d). We define the boundary of A as the set of all
boundary points of A, and we denote it by JA.

{zn}ory is a Cauchy sequence < {xn} o, {Un},rq are %ﬁﬁ&%&‘?&&ug’v}o Let A be a subset of a metric space

(30)

Theorem 2.4. The field C of complex numbers is com-
plete.

Definition 2.5. The Riemann sphere is a one-
dimensional complex manifold which is the one-point
compactification of the extended complex numbers C=
C U {oo}, together with two charts.

3 Functions

Definition 3.1. A topology is an ordered pair (X, 7),
where X is a set and 7 a collection of subsets of X
satisfying the following properties:

1. The empty set and X belong to 7.

2. Any arbitrary (finite or infinite) union of mem-
bers of 7 still belongs to 7.

3. The intersection of any finite number of members
of 7 still belongs to 7.

The elements of 7 are called open sets and the collec-
tion 7 is called the topology on X.

Definition 3.2. Let (X, d) be a metric space. A topol-
ogy on the metric space by the metric d is the set 7 of
all open sets of M.

Definition 3.3. Let A be a subset of a metric space
(M, d) and a a point in M. We say that a is an interior
point of A if there is a ball By q)(a,r) C A.

Definition 3.4. Let A be a subset of a metric space
(M, d) and a a point in Ml. We say that a is an exterior
point of A if there is a ball such that By q)(a,7)UA =
0.

Definition 3.5. Let A be a subset of a metric space
(M, d) and a a point in M. We say that a is a boundary
point of A if it is not interior or exterior or, which is
equivalent, if every ball By, q)(a,r) contains elements
of A and A°€.

We deﬁne the closure of A as the set of all
accumulatlon points of A, and we denote it by A.

Definition 3.11. Let (M, d) be a metric space and A
a subset of M. We say A is an open set if it contains
none of its boundary points, that is, if AN A = (.

Definition 3.12. Let (M, d) be a metric space and A
a subset of M. We say A is a closed set if it contains
all its boundary points, that is, if 9A C A.

Definition 3.13. Let (M, d) be a metric space and A
a subset of M. We say A is a bounded set if there exist
a point a € M and a positive real number r such that
the ball By q)(a,) contains A.

Definition 3.14. Let (M, d) be a metric space and A a
subset of Ml. We say A is a compact set if it a bounded
and closed set.

Proposition 3.1. Let (M, d) be a metric space and A
a subset of M. Then, A is open if and only if A° is
closed.

Definition 3.15. Let 2 C C be a set. We say (2 is
connected if and only if it cannot be represented as the
union of two or more disjoint non-empty open subsets
(in the topology of the subspace). More formally, 2 is
connected if there are not two open sets U, V' C C such
that

Uy=UnQ, Vi=VNQ, UinVi=2
(31)

Otherwise, we say Q is disconnected.

Definition 3.16. Let 2 C C be a set. We say (2 is
simply connected if and only if every circuit is homo-
topic in Q to a point in Q. Equivalently, is simply
connected if and only if every pair of curves with the
same extremes are homotopic.

Definition 3.17. Let Q C C be a set. We say 2 is
convez if and only if for all pair of point a,b € €2, the

segment defined by
[a,b) ={z]z=(1—t)a+th,0 <t <1} (32)

is contained in €2, that is, if every pair of points can be
connected by a straight line that belongs to the set.

U,uvy =



Definition 3.18. Let € C be a set. We say Q) is a
star-convex set if and only if there exists zg € C such
that for all z € 2 the segment [zg, 2] is contained by .

Definition 3.19. Let (M, d) be a metric space and
S C M aset. We say S is path-connected if every pair
of points can be connected by a continuous path that
belongs to the set.

Definition 3.20. Let Q € C be a set. We say Q) is a
region or domain if and only if it is open, non-empty,
and connected.

Definition 3.21. Let 2 C C be a non-empty set. We
say Q1 C Q is a connected component of () if and only
if it is a maximal connected subset, that is, if zo €

and W is a connected subset of C that contains zg,
then W C Q4.

Definition 3.22. Let D C C be a set. We define a
complex function f as the application

f:DCC—C

z—w=f(2) (33)

Definition 3.23. Let f : Q C C — C be a function.
We say it tends to infinity at the point zp and denote
it by lim,_,,, f(z) = oo if and only if

Vk € RT35(k) € RY | |2 — 20| < 6 = |£(2)] > k. (34)

Definition 3.24. Let f : Q C C — C be a function.
We write lim,_,« f(z) = L if and only if

Ve e RY3k(e) e RT | |2| > k= |f(2) — L| <e. (35)

Proposition 3.2. Let f1, fo Q — C be two
functions and zy a point such that lim,_ .. fi =
wi, lim,_, ., fo = wa. Then,

1. fi + fo has also a limit and lim,_,,, f + g =
w1 + wa.

2. fifa has also a limit and lim,_, ,, fg = wiws.

3. If wa # 0, then f/g has also a limit and
hmz_)ZO f/g:wl/wg.

4. If h(z) is a continuous function defined on a
neighborhood of wy, then lim, ., h(fi(z)) =
h(wl)

Definition 3.25. Let f : Q C C — C be a function
and zg € Q. We say f is continuous in zg if and only
if

Ve eRTIF€RT | |2 — 20| < 6= |f(2) — f(z0)] <e.
(36)

Proposition 3.3. Let f: Q C C — C be a function
and zg € Q. Then, f =Re{f} +i¢Im{f} is continuous
at zo if and only if Re{f} and Im{f} are continuous
at zgp.

Proposition 3.4. Let f: Q C C — C be a function
and zg € Q. Then, f is continuous at zg if and only
if for all sequence {z,},., of Q convergent at z it is
true that the sequence {f(zn)},—, converges to f(zo).

Proposition 3.5. Let f,g: Q2 C C — C be two con-
tinuous function at a point zg € C and X\ € C. Then,
A, f+g, and fg are continuous at zg. The function
f/g is continuous at zo if g(zo) # 0.

Definition 3.26. For all z € C, we define the complez
exponential function as the following series

n

oo
e = E Z—.
n!

n=0

(37)

Proposition 3.6. The radius of convergence of e* is
infinite.

Proposition 3.7. ¢ = e® for all x € R.
Proposition 3.8. ¢*t¥ = e*e¥ for all z,w € C.
Proposition 3.9. For all z € C we have €* # 0.
Proposition 3.10. The image of * is C*.
Proposition 3.11. The derivative of €* is e*.
Proposition 3.12. e = ¢,

Re{z}

Proposition 3.13. |¢*| =e

Proposition 3.14 (Euler’s Formula). If § € R, then
e® has modulus one and we have that

‘ e® = cosz + isinz. ‘ (38)
Corollary 3.15. Let z € C*. Then,
z = |z]e®, (39)
with § € [0, 2m).
Proposition 3.16. The following function
exp : (R,4+) — (C*,") (40)

T — el

is a morphism of groups and its image is T.

Proposition 3.17. The complex exponential function
is a periodic function with period 2mi.

Proposition 3.18. Let a € C*.
infinite solutions.

Then, € = a has

Proposition 3.19. The equation €* = 0 does not have
solutions.

Proposition 3.20. Let yg € C be a numbers, B =
{z€Clyo <Im{z} <yo+ 27} a set, and f : B —
C* be the exponential function. Then, f is bijective in
B 7.

Proposition 3.21. Let xg,yg, m € C be two numbers
with m # 0 and f the exponential function 7. Then,

1. f transforms the line y = yo to a line that starts
at z = 0 and continues with an argument yo from
the real positive axis.

2. f transforms the line x = xg to a circle centered
at the origin and radius r = 0.



3. f transforms the line y = mx to the parametric
curve z = €*e"™* (q spiral).

Definition 3.27. Let z € C be a number. We define
the complex trigonometric functions as

cos z = @, (41)

. ol _ o7
sin z = #7 (42)
tan z == %. (43)

Proposition 3.22. For all z € C,
sin? z + cos® z = 1. (44)

Proposition 3.23. For all z € C,
cos(—z) = cos(z), sin(—z) = —sin(z).  (45)

Proposition 3.24. For all z,w € C,

cos(z + w) = cos z cos wFsin z sin w,
(46)

Proposition 3.25. The functions cos z,sin z have pe-
riod of 2.

Proposition 3.26. Let zg € C. Then, zy is root of
sinz (cosz) if and only if it is a root of sinx (cosx).

Definition 3.28. Let z € C be a number. We define
the complex hyperbolic functions as

coshz == ¥7 (47)
sinh z := ?, (48)
tanh z == ﬂ. (49)
e + o2
Proposition 3.27. For all z € C,
cosh? z — sinh? z = 1. (50)
Proposition 3.28. For all z € C,
cosh(—z) = cosh(z), sinh(—z) = —sinh(z). (51)
Proposition 3.29. For all z,w € C,
cosh(z + w) = cosh z coshw =+ sinh zsinhw,  (52)
sinh(z £ w) = sinh z coshw + cosh zsinhw.  (53)
Proposition 3.30. For all z € C,
cosh z = cos(iz), cos z = cosh(iz) (54)
sinh z = —isin(iz),sin z = —isinh(iz) (55)
Proposition 3.31. For all z =z + iy € C,
cos(x + iy) = cosx coshy — isin x sinh y, (56)
sin(z + iy) = sinx coshy + i cos x sinh y, (57)
tan(z +1iy) = cos(2xS)H:EQC:?sh(2y) Zcos(Qmjljl—thsél(Q)y)
58

Proposition 3.32. For all z = x + iy € C,

L sinh(2x) sin(2y)
tanh(z +dy) = cosh(2z) + cos(2y) cosh(2z) + cos(2y)
(59)

Proposition 3.33. For all z = x + 1y,

|cos z| = \/cosh2 y — sin? x = y/cos2 x + sinh?y, (60)

sin z| = \/sinh2 x+sin’y = \/cosh2 x —cos?y. (61)
Corollary 3.34. For all z = x + iy,
|sinh y| < |cos z| < coshy,

|sinh y| < |sin z| < coshy.
(62)

Proposition 3.35. The roots of the function sinh z
are of the form z, = nw and those for the function
cosh z are of the form w, = (2n + 1)7/2i.

Definition 3.29. Let D C C be a set. We define a

sin(z + w) = sidBdRaebdunchiqn from D to C as a subset of D x C

such that for every z € D there exists a number y € C
such that (z,w) € f.

Definition 3.30. For z € C*, we call the natural log-
arithm of z every number w such that e = z, that
is,

Inz:={weCl|e¥ ==z}. (63)

Proposition 3.36. Given z € C we can define In z
from the natural logarithm of a real number as

Inz=In|z|+iargz = In|z| +iArgz + 2wki. (64)

Definition 3.31. We define the principal natural log-
arithm of z as the value defined by the principal argu-
ment of z, that is,

Logz = In|z| 4+ iArgz. (65)

Definition 3.32. We define the determination I (with
I being a semiopen interval) of the logarithm as

log; z :=1In|z| + i arg; . (66)

Definition 3.33. Let E C C* be a connected set. We
define the continuous determination of the logarithm
in E as the continuous function g : E — C such that
e9(3) = z. More generally, if f : E — C is a function
such that f(z) # 0 for all z € E, then we define the con-
tinuous determination of In f as a functiong: £ — C
such that e9(*) = f(z).

Proposition 3.37. Let z,w € C two numbers. Then,
1. In(zw) =lnz+Inw+ 27ki, k € Z.

2. If we want to stay in the principal argument,

In(zw) = {

3. SEARCH MORE PROPERTIES

if Argz + Argw < 27
if Argz + Argw > 2
(67)

Inz+ Inw,

Inz+ Inw — 273,



Definition 3.34. Let z € C be a number. We define
the complex trigonometric inverse functions as

arcsin z == —iln (zz +V1-— 22>, (68)
arccos z = —i 1n<z +v2z2 - 1), (69)
1. 14z
t =—=1 .
arctan z 5T — (70)

Definition 3.35. Let z € C be a number. We define
the complex hyperbolic inverse functions as

arcsinh z := ln(z +V1+ 22), (71)
arccosh z = 1n<z +vz2 = 1), (72)
1. 14z

arctanh z := 3 In T (73)

Definition 3.36. Let z,a € C with z # 0. Then, we
define the complex power function as

40— ealnz'

(74)

If £ C C* is a connected set and f : E — C a func-
tions such that f(z) # 0 for all z € E, and w € C
a number, we define a continuous determination of
f% as a continuous function g : £ — C such that

9(2) € [f(2)]".
Proposition 3.38. If a = a + Bi and z = re%, then

a_ oo In 7'—ﬂ(0+2ﬂ'k)e(5 Inr+a(0427k))i
- b

z (75)

|za| — % In |z|—B(arg z+27rk),
(76)

Proposition 3.39. Let a,z € C be two numbers.
Then,

1. If a = n € Z, the complex power is a function

and 4
2" = rhen?, (77)
2. If a =n/m € Q, there are n values and
20— Tne(9+27rk)n/mi' (78)

3. If a is irrational, the norm is uniquely determined
but the argument has infinite values.

4. IF a € C\R, the argument is uniquely determined
and the norm has infinite values.

Proposition 3.40. Let z,w € C. Then,
1. (eb)a — ea(b+2mki)
Definition 3.37. A Riemann surface X is a connected

complex 1-manifold.

Definition 3.38. We define a sheet as each of the
complex planes of the Riemann surface.

Definition 3.39. We define a cut as the line (not nec-
essaryly straight) of union between sheets.

Definition 3.40. We define a branch point as a point
where start or finish a cut.

4 Derivatives

Definition 4.1. Let f : @ C C — C be a function
and zg € € an interior point. We define the derivative
of [ at zy as

f(z2) = flz0) _ lim f(zo0 +h) — f(z0)

! = li
F'(z0) v z— 2z h—0 h

Z—r 20

(79)
in case the limit exists. If f has derivative, we say f is
derivable at zg.

Definition 4.2. Let f: Q C C — C be a function
and zg € C a point. We say f is holomorphic at Q) if
and only if it is C-derivable at every point of €. In
that case, it is defined the function f' : Q C C — C
that associates each point z of Q with f/(z).

Definition 4.3. Let f : @ C C — C be a func-
tion. We define the domain of holomphism as the re-
gion where f is derivable. We say f is entire if and
only if the domain of holomorphism is C.

Definition 4.4. Let f : Q) C C — C be a function
and zg € C a point. We say f is holomorphic at zy if
and only if it is holomorphic at some neighborhood of
Z0-

Proposition 4.1. Let f: Q C C — C be a function
and zog € C a point. If f is derivable at zy, then it is
continuous at zg.

arg(z®) = B1n|z| + a(argTheprem 4.2. Let f,g : @ C C — C be two func-

tions and zg € Q0 a point. Then, the following state-

ments are true.

1. If f is constant at 2, then f is derivable at zg
and f'(z9) = 0.

2. If f(z) = z in every point of ), then f is deriv-
able at zg and f'(z9) = 1.

3. If f,g are deriwable at zy and o, € C, then
af +Bg are derivable at zy and (af + Bg) (z0) =
af'(z0) + B9 (20)-

4. If f, g are derivable at 2y, then fg is derivable at
zo and

(f9) (20) = f'(20)9(20) + f(20)g (z0).  (80)

5. If f,g are derivable at zy and g(z9) # 0, then f/g
is derivable at zy and

(f>’(20) _ I'(20)g(z0) = ()9 (20)

g 9(20)

. (81)

Theorem 4.3. Let f : Q1 C C — C be a derivable
function at a point zy € C and g : Q3 C C — C be an-
other derivable function at a point f(z9) € Qa. Then,
go f is derivable at zy and

(90.f) (20) = g'(f(20) ' (20)- (82)



Theorem 4.4. Let f : Q@ C C — C a function of class
CL(Q) with Q an open set, injective, and derivable at
every point of Q) with non-zero derivative. Then,

1. Q' = f(Q) is an open subset of C.

2. The inverse function f~1 ewist, it is well defined
and it is derivable at Q.

3. If z€Q and 2/ = f(z), then

(83)

Proposition 4.5. A determination of In z with z € C
18 continuous except in a semiline.

Theorem 4.6. Let Q C C be an open set and ¢ €
C(Q), such that e*®) = z for all z € Q. Then, we have
¢ € H(Q) and
, 1
@'(z) = ;,Vz €. (84)
Proposition 4.7. A determination of In z with z € C
18 holomorphic except in a semiline.

Proposition 4.8. Let I = [0,0 + 27) a determination
of the logarithm, Iny z. Then, Iny z is holomorphic ex-
cept in the semiline Ly = {Teai eC ‘ r> 0}.

Definition 4.5. Let f : Q C C — C be a function.
We say f is of class C*(Q) or simply f € c'(Q) if and
only if, using f = u + iv with u = Re{f},v = Im{f},
the partial derivatives of u and v as a two variable real
functions exist and are continuous. In other words,

f € CY(Q) if and only if

ou Ou Ov Ov

%7@7%7@ (85)

exist and are continuous.

Theorem 4.9 (Cauchy-Riemann conditions). Let f :
Q C C — C be a function and zy € 0 an interior
point. Then, f is derivable at zg if and only if is dif-
ferentiable at zo and df (zo) is C-linear, that is,

Ou  Ov o

or  dy’ Oz

ou

which are known as Cauchy-Riemann conditions.

Theorem 4.10. Let f : O C C — C be a func-
tion and zy € Q an interior point. If u,v satisfy the
Cauchy-Riemann equation and their partial derivatives
are continuous, then f is derivable.

Definition 4.6. We define the operators
9 1(0 9y 8 _1(d .0
0z 2\ox 0oy)’ 0z 2\ox  0y)’
(87)

that act over the functions such that the real and imag-
inary part u,v have partial derivatives.

Proposition 4.11. Let f: Q C C — C a function of
class CY(Q). Then, for all zy € Q

f(zo +h) = f(z0) + (gﬁ)ZOh + (;)Zoh + o(|n]?).

(83)

Theorem 4.12. Let f: Q2 C C — C be a function
and zg an interior point. Then, at zg

Ou_0Ovov_ ou Oof o 0f _ _0f
or Oy 0x Oy 0% or Oy’
(89)
Corollary 4.13.
of _ . of
% = Z'I’g. (90)
Proposition 4.14.
or zZ z 00 i
— zZ, — = 0:7177:*7
r=ven g 225 Ym0 22
(91)
Corollary 4.15.
df  _0f
& =€ 87" . (92)

5 Series

oo
Definition 5.1. We say Z zn converges if and only

n=1
N

if S, = Z zp has limit at n — oo.

n=1

o0
Proposition 5.1. ZZ” converges if and only if

n=1

o0 o0
E an and g b, converge.
n=1 n=1

o0
Definition 5.2. We say Z zn converges absolutely if

n=1
oo
and only if E |z, | converges.

n=1

oo
Proposition 5.2. Z |zn| converges if and only if

n=1

oo oo
Z |an| and Z |b| converge.
n=1

n=1

Proposition 5.3. 1. A series converges absolutely
with sum S if and only if every rearrangement is
convergent with the same sum S.

2. An absolutely convergent series can be summed
by blocks in an arbitrary way.

Proposition 5.4. Let ZamZb be two absolutely
n n
convergent series with sums A and B respectively.
k
Then, the series Y, ci with ¢, = Zanbk_n is ab-
n=0

solutely convergent with sum AB.



Theorem 5.5 (Weierstrass M-test). If |fn(p)| < M,

forallpe X,;n>1 and Z M,, < oo, then the series

n=0

[ee]
Z fn(p) is uniformly convergent on X.
n=0

Lemma 5.6 (Abel’s summation formula). Let
{an} "o, {bn}—y be two sequences of complex numbers
and A, = a1+ -+ a,. Then,

> apbp = Apbpiy — Y Ax(bryr —bi).  (93)
k=1 k=1
Theorem 5.7 (Dirichlet’s

criteria).  Let

an(p)gn(p) be a series where f,(p) are complex
1

n—=

and g,(p) are real for all p € X,n > 1. If we de-

note Fp,(p) = fi(p) + -+ fn(p), there exists a constant

M such that |F,|(p) < M for alln >,p € X, g,(p)

18 monotonous decreasing and converges uniformly to
o0

zero on X, then the series Z Fn(D)gn(p) is uniformly
n=1
convergent on X.

Theorem 5.8 (Abel’s criteria). Let Z fn(P)gn(p) be

n=1

o0
a series where fr,(p), gn(p) are complex. Ifz fn(p) is
n=1
uniformly convergent on X andd there exists a number

M € R* such that for allp e X

91D + D 19n(p) — gna(p)| < M, (94)

o0
then the series Z Fn(P)gn(p) is uniformly convergent
n=1
on X.
Definition 5.3. We define a complex power series as
a series of the form
o0
Z an(z —20)", an, 2,20 € C. (95)
n=0
We call the term a,, the n-th coefficient of the series.
In case a, = 0 Vn < m, we will start the counting
directly from m.
o0
Definition 5.4. Let Z an(z — 2z0)" be a power series.

n=0
We define its domain of convergence as

E::{zE(C

Theorem 5.9. Let Zan(z —20)" be a power series
n

and R = 1/p, where p = limsup,, \an\l/n. Then,

the series converges uniformly on the compacts of the

open disc D(zg, R), converges absolutely at every point

z € D and diverges outside D. Hence, the set of con-

verges E satisfies D C E C D and D = intE.

Z an(z — 20)" converges} . (96)

n=0

Definition 5.5. Radius of convergence.

Proposition 5.10. Let Z an(z — 20)" be a power se-

n
ries and R = lim,_ o |an|/|ant1|. If the limit exists,
then R is the radius of convergence.

Theorem 5.11 (Cauchy-Hadamard Theorem). Let

S = Z an(z — 20)"

n=0

(97)

be the following complex power series with a,,zg € C
and R € [0,400) U {400} the radius of convergence.
Then,

1. If |z — 20| < R then S converges. In fact, for all
r < R we have S converges uniformly at the disc
DT(Z()).

2. If |z — 20| > R then S diverges.

3. The function f(z) = S(z) is derivable at Dgr(2p)
and its formal derivative is

f(z) = Z nan(z — zg)nfl, (98)
n=0

with the same radius of convergence.

Definition 5.6. Let Zan(z —29)" be a series, S =

ENC(zp, R) non empty, and m > 1 a real number. We
define

S ={2€C||z—2]| <R,d(2,5) <m(R—1|z—al)}.
(99)

Definition 5.7 (Stolz angle). Let S be formed by one
point w. We define the Stolz angle as the angle gener-
ated by the S,,.

Theorem 5.12 (Abel’s theorem). Let Z an(z — 20)"

n
be a series with S mon empty and such that the series
converges uniformly on it. Then, the series converges
uniformly on Sy, for all m > 1. In particular, the sum
function is continuous on S,, and one has

li n\~ — "= n - na S.
i zn:a (z — 2p) zﬂ:a (w — zp) w e
(100)
Theorem 5.13. Let Zan(z —20)" be a series with
radius of convergence R. Then, f(z) = Z an(z —20)"

n

is holomorphic on D(a, R) and it has a derivative

F1(z)=> nan(z—2)""", Vz € D. (101)



Proposition 5.14. Let f : D(a,R) C C — C be a
function. If there exists a power series Z an(z — 20)",

n
convergent on D such that

z) = Zan(z —20)",

then the series is unique. In fact, f is infinitely holo-
morphic and the coefficients a,, are determined by f
with the relation

|z — 20| < R, (102)

, neN. (103)

Definition 5.8. Let f : D(a, R) C C — C be a func-
tion. We say f admits a series expansion if and only if

. . n
there exists a power series E an(z — 29)", convergent

n

on D such that
= Zan(z —20)", |z

Definition 5.9. Let f : Q@ C C — C be a func-

tion with Q an open set. We say f is analytic on

Q if and only if it admits locally a series expansion,

that is, if for every point zy €  there exists a disc
o0

— Zol < R. (104)

D(z0,9) and a power series Z an(z — 2z9)" such that

n=0
= Z an(z —20)",Vz € D.
n=0

Theorem 5.15. Let f(z

g an(z — 20)"

Then

on

D(zp,R) and wo € D(z0,Rp). the series

> £(n)

> LEl
n=0 s

Ry — |20 — 21| and it satisfies

L (2 n
ER PEACUEREND

— zl)" has a radius of convergence Ry >

if |z —z1| < R—
(105)

Corollary 5.16. Let R be the radius of convergence
of the function

oo
= Z an(z — 20)"
n=0

Then f has as Taylor polynomial of degree m around
zo the following one

F (20) '

§ an Z*ZO ) an = nl

(106)

mfzo

Proposition 5.17. Let @ # Q C C. Then,

1. Fvery connected component of 1 is a closed of ()
with a subspace topology.

2. Two connected components are the same or are
disjoint.

3. Every connected of 2 is one and only one con-
nected component.

4. Q s the disjoint union of its connected compo-
nents.

Proposition 5.18. Some examples

= i z € D1(0) (107)
= i % zeC (108)
sin z = Z (2(n +)1) 22t zeC (109)
cosz = Z ((271))' 22", zeC (110)
n=0
ma—zy:—E:%Q z € Dy(0) (111)
n=0

6 Holomorphic functions

Definition 6.1. Let I = [a,b] C R be a closed interval.
We define a curve as an application of the form

v:I—C

t— 71 (t) +ive(t) (112)

Definition 6.2. Let I = [a,b] C R be a closed interval
and D C C a domain. We define an arc as a continuous
application of the form

~v:I—D

t— 71(t) +ive(t) (113)

Equivalently, we can say an arc is a curve restricted to
some interval.

Definition 6.3. Let v : [a,b] — D be an arc. We
c]'ahl ~(a) and ~v(b) the extremes of . In particular, we
call y(a ) the initial point and ~(b) the final point.

Definition 6.4. Let v : [a,b] — D be an arc. We
define the route or graph of v as

v ={z€eD|z=~(t),tel}. (114)

Definition 6.5. Let v : [a,b] — D be an arc. We say
v is closed if and only if v(a) = v(b).

Definition 6.6. Let v : [a,b] — D be an arc. We
say v is simple if and only if there is no two numbers
t1,t2 € (a,b) such that v(t1) = v(t2). We also call it a
Jordan curve, and if it is closed, a circuit.

Definition 6.7. Let v : [a,b] — D be an arc. We say
~ is differentiable if for al value to € [a,b] there exists
the limit
V() —~(to)
t—ty
For tg = a or tg = b we consider the laterals limits from
the right and from the left respectively.

v (tp) = lim (115)

t—to



Definition 6.8. Let v : [a,b] — D be an arc. We say
~ is of class C" if and only if ¥/ exists and is continuous
at [a,b].

Definition 6.9. Let v : [a,b] — D be an arc. We say
v s regular or smooth if and only if it is differentiable
and v’ never vanishes.

Definition 6.10. Let « : [a,b] — D be an arc. We
say ~y is piece-wise of class C' if and only if v/ ex-
ists and is continuous in I except in a finite number of
points where v has lateral derivatives.

Definition 6.11. Let « : [a,b] — D be an arc. We
define the opposite arc as

—y:[-b,—a] — C

t—s y(—1) (116)

Definition 6.12. Let v : [a,b] — C be an arc.
We say T'(s),s € [¢,d] € R has been obtained from
~(t),t € la,b] by a change of parametrization if and
only if the new parameter s and the original pa-
rameter ¢ are related by a relation ¢t = ¢(s), where
¢ : [e,d] — Ja,b] is an homeomorphism that sat-
isfies T'(s) = v(4(s)) (v o @)(s). We call T' the
reparametrization of .

Definition 6.13. Let v; : I; — C and v, : [, — C
be two arcs. We say they are equivalent if and only
if there exists a bijective, monotone, and continuous
function p : Is — I; such that 79 = v 0p. If p is
an increasing function we say v, and v have the same
orientation; otherwise, we say 1 and 2 have opposite
orientations.

Definition 6.14. Let v1[a,b] — C and 75 : [¢,d] —
C be two arcs such that [a,b] N [c,d] = @. We define
the application vy; U~ys (sometimes denoted by 1 +72)
as

fa<t<b
ifb<t<b+d—c
(117)
We say 71,72 can be joined/added or that there exists
its union/sum if and only v;(b) = y2(z). In this case
1 + 2 is an arc, and we call it the sum arc of v1 plus

Y2-

(1),

(%Uwﬂﬂ:{w@b+q

Definition 6.15. We define the segment of extremes
z1, 22 € C as the arc defined by the expression

[21,22] : [0, 1] —C

t— (1—t)21 + L2 (118)

Definition 6.16. Let f: Q2 C C — C be a function.
We say f is polygonal if and only if can be expressed
as a finite union of segments, that is, if there exist a
natural number n and points {zo, ..., 2z,} such that

p=z0,21] U Ulzpn_1, 2n]- (119)

Definition 6.17. Let v : [a,b] — D be an arc
with a,b finite. We say ~ s a basic curve if and
only if v € C'((a,b)) N C([a,b]) and there exist
limy o+ 5/ (8), imy - ' (2).
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Definition 6.18. A path is a function v : [a,b] — C
such that there exist basic curves v; : [a;,b;] — C,j €
{1,...,k} such that v = 41 + -+ + 7 and therefore
75(bj) = vj+1(aj+1) and a = a1,b = ay.

Definition 6.19. Let v : [a,b] — C be a continuous
curve and aq,...,a; € Rsuchthata =ap <--- <q; <
b = a;+1. We say «v is piece-wise differentiable if and
only if

l
vel | Yl a4) |,
=0

Vi €{0,..., 14+ 1}3 lim v (t)(except if 5 =1+ 1), lim ~'(¢)(excep

t—a 3 t%a;
Equivalently, we can think about a piece-wise differen-
tiable curve as a differentiable path.

Theorem 6.1. Let f: Q C C — C be an holomor-
phic function of class C1(Q) with Q an open set and
¢ : I — Q a basic curve. Then, 1 = fo ¢ is a basic
curev (hence a derivable curve) and its real derivative
is

W) = £ (1) (2)-

Definition 6.20. Let 71,72 : [0,1] — C be two
curves. We say 71,72 are homotopic if and only if there
exists a continuous function h(¢, s) : [0,1] x[0,1] — C
such that

(120)

1. h(t,0) = 71 (t),t € [0,1].
2. h(t,1) = (t),t € [0, 1].
3. h(0,5) =71(0) =12(0),s € 0,1].
4. h(1,s) = 1(1) = 32(1), 5 € [0,1].

Definition 6.21. Let 1,72 : [0,1] — C be two cir-
cuits. We say 71,72 are homotopic if and only if there
exists a continuous function h(t, s) : [0,1] x [0,1] — C
such that

1. h(t,0) = v1(t),t € [0,1].

2. h(t,1) =(t),t € [0,1].

3. h(0,s) = h(1,s),s €0,1].

Definition 6.22. Let f : [a,b] — C be a function
with the notation f = u+1v. We define the integral of

f as
b
/f(t) dt ==

Proposition 6.2. Let f,g : [a,b] — C be two inte-
grable functions and A\, u € C two numbers. Then,

b b

/wna+@/mwm.

a a

(121)

b

/

a

b

/gdt.

a

b
Af+ugdt:A/fdt+u (122)
a



Proposition 6.3. Let [ :
function. Then,

/bf(t)dt S/blf(t)|dt.

Definition 6.23. Let v : [a,b)] — C be a curve of
class C'([a,b]) and f : @ € C — C a continuous
function in I' € 2. Then, we define the line integral of
f over v as

/ f(2)de = / FO )Y (1)t

Proposition 6.4. The previous definition is well de-
fined.

[a,b] — C be an integrable

(123)

(124)

Proposition 6.5. If we use the notation f = u + v
and v = x + iy, then the integral has the form

/f /—+v Yt +i / —+ dydt (125)

Definition 6.24. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : @ € C — C a continuous
function in I' C ). Then, we define the line integral of
f over v with respect the differential of length as

/f ds—/f )ldz| = /f

Theorem 6.6. Let v : [a,b] — C be a curve of class
C([a,b]), fog : @ € C — C two functions, and
A i € C two numbers. Then,

/)\f+ugdz:)\/fdz+u/gdz.

Y Y Y

() dt. (126)

(127)

Theorem 6.7. Let 1,y be two equivalent curves of
the same orientation and of class C'' on their respective
domains andf : Q@ C C — C a continuous function in
Fl,rg g Q. Then,

/f(z)dzz/f(z)dz

Proposition 6.8. Let v1,...,7, be n curves of class
C' on their respective domains and f : 9 C C — C
a continuous function in I'y,..., Ty, C Q. If we define
Y=7+" "+, then

/f(z)dz:i/f(z)dz

Proposition 6.9. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : © € C — C a continuous
function in T' C Q. Then,

[zl < [iras.

(128)

(129)

(130)
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Corollary 6.10. Let~y : [a,b] — C be a curve of class
C([a,b]) and f : Q C C — C a continuous function
inT CQ. If |f(2)| < M for all z €T, then,

/f(z)dz < ML(%). (131)

Proposition 6.11. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : Q@ C C — C a continuous
function in T' C Q. Then,

1
Ind ’}/, T/
5

Proposition 6.12. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : Q C C — C a continuous
function in T' C Q. Then,

(132)

(133)

Proposition 6.13. Let v : [a,b] — C be a curve of
class C*([a,b]) and {f,},—, a sequence of continuous
functions on T such that > fn converges uniformly
onT. Then, >, fv fndz converges and

(134)

Definition 6.25. Let f : Q C C — C be a function.
We say f has a primitive on Q if and only if there exists
a function F': Q@ C— C such that F' = fVz € Q.

Definition 6.26. Let f : Q C C — C be a function.
We say f has a local primitive on D if and only if for all
z there exists a neigborhood where f has a primitive.

Theorem 6.14 (Fundamental theorem of complex cal-
culus). Let f : Q C C — C be a function with Q a
domain. Then, the line integral of f is independent
on the path on Q if and only if f has an holomorphic
primitive F such that F' = f on Q. In that case,

/f(z) dz

Theorem 6.15. Let f: Q C C — C be a continuous
function on a star domain S C Q. Then, f has an
holomorphic primitive F' on S if and only if

[ 1=
ON

for all triangle I\ C €.

= F(v(b)) = F(v(a))- (135)

(136)

Proposition 6.16. Let f : 2 C C — C be an holo-
morphic function with no roots on a domain D C €.
Then, there is a determination of the logarithm of f on

D if and only if f'/f has an holomorphic primitive on
D.



Proposition 6.17. Let K C C be a compact set.
Then,

1. If a € V., then the non-bounded component
of C\ K, then there exists a determination of
log(z — «) in a neighborhood of K.

2. If a,B belong to the same bounded component
of C\ K, then there exists a determination of

1og<z:g) in a neighborhood of K.

Theorem 6.18 (Green’s theorem). Let Q C C be a
bounded domain with piece-wise reqular and positively
oriented boundary. Let F = (P,Q) be a vector field
with P, Q being differentiable functions on a neighbor-
hood of Q0 such that 9,P — O Q) s continuous on Q.
Then,

/(F ds)I_/deJer //@Jl% dy

(137)

Theorem 6.19 (Cauchy’s integral theorem). Let )
be a bounded domain with piece-wise reqular and pos-
itively oriented boundary and f : @ C C — C an
holomorphic function in a neighborhood of Q. Then,

JECIS
o

Corollary 6.20. Let f: Q2 C C — C be an holomor-
phic function in a domain D C Q. Then, f ha local
primitive on D. If D is a star domain, f has a global
holomorphic primitive.

Corollary 6.21. Let f: Q2 C C — C be an holomor-
phic function with no roots in a domain D C Q). Then,
f has a local determination of the logarithm on D. If
D is a star domain, f has a global determination of
the logarithm.

(138)

Theorem 6.22 (Cauchy’s integral theorem for homo-
topic curves). Let f: Q C C — C be an holomorphic
function with Q a domain and 71,72 two homotopic
curves such that T'1,T's C Q. Then,

/f(z) dz:/f(z) dz

Theorem 6.23 (Cauchy’s general integral theorem).
Let f: Q CC — C be a regular function on ) except
a finite numbers of points where f is continuous. If
is a constant curve, then

1z dz =

Theorem 6.24 (Morera’s theorem). Let f be a con-
tinuous function in a region Q. If

s dz =

for all simple and closed curve v such that I' C Q, then
f is analytic on .

(139)

(140)

(141)
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Theorem 6.25. Let f : Q@ C C — C be a differ-
entiable function on a domain D. Then, f = u + v
is holomorphic if and only if the field f = (u,—v) is
locally conservative and locally solenoidal.

Definition 6.27. Let F : R® — R”™ be a differen-
tiable vector field on a domain D C R™. We say the
field is holomorphic if and only if is locally conservative
and locally solenoidal, that is, it satisfies

OF,  OF
3xj o 8:@

, Vi,

F;
=0, on D.

(142)

Definition 6.28. Let ® : R® — R be a scalar field
two times differentiable on an open set {2 C R™. We
say the field is harmonic if and only if V2® = 0 on €.

Theorem 6.26. Holomorphic vector fields are the
fields that are locally the gradient of an harmonic func-
tion. Holomorphic functions are the functions f that,
locally, satisfy f = ®, + 1@y, with ® harmonic.

Definition 6.29. Let u be an harmonic real function
on a domain Q C C. We say a differentiable function
% on () is the harmonic conjugate of u if and only if
du = d*u, that is, if the function f = u + iu is holo-
morphic on 2.

Theorem 6.27. Let u be an harmonic real function on
a domain Q C C and f = Vu. Then, u s has an har-
monic conjugate on 0, u, if and only if f has an holo-
morphic primitive F on . In that case, F = u + iu.

Proposition 6.28. Let u be an harmonic function on
a domain Q. Then, it has an harmonic conjugate if an
only if the closed form d*u is exact on ), that is, if
f d*u = 0 for all closed curve v such that I' C Q, con-
dmon that is is always locally completed. If Q) is a star
domain, every harmonic function on Q has a harmonic
conjugate function on 2.

7 Local properties of holomor-
phic functions

Lemma 7.1. Let a € C be a number and f =
1/|z — a|. Then, f is Lebesque-integrable on every sub-
set of C of finite measure.

Theorem 7.2 (Cauchy-Green formula). Let Q C C be
a bounded domain with piece-wise regular and positively
oriented boundary, and f a differentiable function on
a neighborhood of Q such that Of is continuous on €.
Then, for all zg € Q,

_ L [ G 9f(2)
)_%/Zfzodz_

1 / z
s zZ— 20
o0 Q
Corollary 7.3 (Cauchy’s integral formula). Let Q C C
be a bounded domain with piece-wise reqular and posi-

tively oriented boundary, and f an holomorphic func-
tion on a neighborhood of Q. Then,

J(z0) = 27i zf—(,zf
o0 0

f(20 dm(z). (143)

(144)



Corollary 7.4. Let f be a differentiable function on C
with compact support and Of continuous on C. Then,

1A,
_w/zfzod (2)-

Q

f(20) = (145)

Proposition 7.5. Let f : Q C C — C be an holomor-
phic function and 7y a piece-wise regular and positively
oriented curve such that I' C Q. Then,

1 1 f(z)
211 2 — 20
¥
Corollary 7.6. Let f: Q C C — C be an holomor-
phic function and 1,72 two homotopic, piece-wise reg-

ular, and positively oriented curves such that I'y,T's C
Q. Then,

Ind(v, 20) f(20) = dz.

(146)

7f(z) dz.
zZ— 20

1
e
211 Z— 2y 211
7 2

f(z0) (147)

Theorem 7.7. Let f be an holomorphic function on
a disc D(zo,R). Then, there exists a power series

o0
E an(z — 2z0)" with radius of convergence greater or
n

=0
equal to R such that
flz)= Z an(z — 20)",Vz € D(z9, R). (148)
n=0

Theorem 7.8. Let f : Q C C — C be a function
with 0 an open set. Then, f is holomorphic on ) if
and only if f is analytic on . More precisely, every
holomorphic function f on  is indefinitely holomor-
phic on Q, and for all zg € Q the Taylor expansion

o ) (s,
ey =S L) gy
n=0 :

n

(149)

18 wvalid on the greatest disc centered at zyg and con-
tained on Q, which is D(z0,0(z0)), where 0(z9) =
inf{|zo — w|,w ¢ Q}.

FM O\
n!

Theorem 7.9. The assignation f — ( 18

=0
a bijection between the space of entire function@ and

the space formed by the sequences {ay} ., such that
the series Y oo anz"™ has an infinite radius of conver-

gence, that s, lim, |an|1/" =0.

Theorem 7.10 (Morera’s theorem). Let f : Q C
C — C be a function of class C(2) with Q an open
set. Then, f is holomorphic on Q if and only if

8{ f(z)dz=0

for all triangle I\ C €.

(150)

Theorem 7.11. Let f be a function continuous on an
open set 0 and holomorphic on Q\ E, where E is a
finite collection of points and segments. Then, f is
holomorphic on Q.

Proposition 7.12. Let f be a function and Q a
bounded domain with piece-wise reqular and positively
oriented boundary. If f is holomorphic on a neighbor-

hood of 2, then
n! /
2m (Z — 20

o0

F(z0) = (151)

Proposition 7.13. Let f: 2 C C — C be an holo-
morphic function and v a piece-wise reqular and posi-
tively oriented curve such that T' C ). Then,

n! 95
271 (Z_ZO

Y

Ind(~, zo)f(”) (20) =

Lemma 7.14. let Q C C be a domain, f € H(Q) a
function, and zg € Q a number. Then, the following
statements are equivalent.

1. f™ () =0 for allm € N.
2. f(z) =0 for all z in a neighborhood of z.
3. f is identically null on €.

Definition 7.1. Let f: Q2 C C — C be a function
and zg a number. We say zg is a zero of order n of f
if and only if f*)(29) = 0 for all 0 < k < n. We call k

the order of zy as a zero of f.

Proposition 7.15. The zeros of finite order of an
holomorphic function are isolated points.

Proposition 7.16. All the zeros of an non null ana-
lytic function are isolated points and of finite order.

Definition 7.2. Let f: 2 C C — C be an holomor-
phic function with € a domain. Then, we denote the
set of zeros of f as

Z(f) =A{w e Q| f(w) =0},

Theorem 7.17. Let f: Q2 C C — C be an holomor-
phic function with Q a domain such that f 2 0. Then,
Z(f) CQ is a closed set without accumulation points.
In particular, Z(f) is a finite or countable set and and
on every compact of ) there is a finite number of zeros

of f.

Theorem 7.18 (Principle of analytic continuation).
Let f,g be two holomorphic functions on a domain
Q CC. Then, f(z) = g(z) for all z € Q if and only if
they satisfy one of the following conditions.

(153)

1. There exists a point w € Q such that ™ (w) =
g™ (w) for all n € N, that is, |f(z) —g(2)| =
o(|z —al™), if z— a, for alln € N.

2. There exists a set ¥ C Q that contains an ac-
cumulation point on Q and f(z) = g(z) for all
ze W,

3. There exists an open set W C Q such that f(z) =
g(z) for all z € 0.

13



Theorem 7.19 (Schwarz reflection principle). Let
Q C C be a symmetric domain and f € H(Q) such
that f(x) € R for allx € QNR. Then, f(z) = f(2) for

all z € Q.

Theorem 7.20. FEvery analytic function f : R — C
18 the restriction on R of an holomorphic function
F:Q CC — C defined in a symmetric domain 2,
that is, R C Q and f = F|g.

Theorem 7.21. Let f,g be two analytic functions on
a domain Q C R%. Then, f(z,y) = g(z,y) for all
(z,y) € Q if and only if they satisfy one of the follow-
ing conditions.

1. There exists a point (xg,yo) € Q such that

anerf an+mg

axnay ( 07y0) 8:6"83/ (I'ano) (154)
for all n,m € N, that is, |f(x,y)— g(z,y)| =
o (Vi —anP + =) ). i () = o)

for all n € N.

2. There exists an open set U such that f(x,y) =
9(z,y) fir all (z,y) € V.

Theorem 7.22 (Maximum modulus principle). Let
f:Q C C — C be an holomorphic function with
Q a domain. If f is not constant, then |f| does not
have any local mazima on €.

Corollary 7.23. Let 2 C C be a bounded domain and
f an holomorphic function on a neighborhood of Q or,
more generally, f € C(Q) N H(Q). Let M be the maz-
ima of |f| on OQ. Then, one has

7 (2)] < M, for all z € Q. (155)
In other words, maxg |f| = maxaq |f].
Theorem 7.24 (Cauchy’s inequality). Let f : Q C

C — C be an holomorphic function on a neighborhood
of the disc D(zg, R) and |f(2)] < M for z € C(zp, R).
Then,

‘f(n)(zo)} < Mﬁ

Corollary 7.25. Let f : Q@ C C — C be an holo-
morphic function with Q a domain such that |f(z)| <
M,z € Q. Then,

(156)

|
") < Mo cUneN. (157
T
Theorem 7.26 (Liouville’s theorem). Let f be a
bounded entire function. Then, f is constant. Also,

a function u harmonic and bounded on C is constant.

Theorem 7.27 (Fundamental theorem of algebra).
Let P(<) = ag + a1z + - + anz™ be a polynomial
of degree n of complex coefficients and n > 1. Then, P
has exactly n roots a, .. .,ap € C (some of which can
be counted with their multiplicity) and

P(z) =ay, H(z — ;). (158)
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8 Isolated singularities of holo-
morphic functions

Definition 8.1. We say f has an isolated singularity
at zp if and only if f is holomorphic on D} (zy) for some
r € RT. We say the singularity is removable if and

only if f can be extended to an holomorphic function
on D, (2p).

Definition 8.2. Let f: 2 C C — C be an holomor-
phic function on a disc D} (zp). We say f has a pole of
order k at zo if and only if there exist o € C,k € N>
such that f(z) o a(z — 20)" when z — 2. We call k
the multiplicity of the pole or order of the pole.

Definition 8.3. Let f: Q2 C C — C be a function
with Q a domain. We say f is meromorphic on Q if
and only if there exists a set A C (), discrete and closed
on 2, such that f is defined and holomorphic on 2\ 4
and has a pole on every point z € A.

Proposition 8.1. f has a pole of order k at zy if and
only if there exists an holomorphic function g(z) in a
neighborhood of zy such that g(zo) # 0 and

9()
(z — zo)k

f(z) = (159)

Proposition 8.2. Let f,g be two holomorphic func-
tions on a neighborhood of a point zy. Then,

1. If f has a zero of order p at zy, then 1/f has a
pole of order p at zg.

2. If f has a pole of order n at zy, then 1/f has a
zero of order n at zp.

3. If f has a zero of order n at zg and g has a pole
of order p, then fg has a pole of order p — n if
p—n >=0 and a zero of ordern—p if p—n < 0.

Theorem 8.3. Every holomorphic function on an an-
nulus admits a Laurent expansion.

Proposition 8.4. Let f be an holomorphic function
on an annulus C(zp, Ra, R1). If f has an isolated sin-
gularity at zg, then its Laurent expansion is uniquely
determined by

oo

_ " 1 /)
0= 3 wmGoal w=sn [
C(ZO’ )
(160)
where a,, is independent of r, r € (Ra, Ry).
Definition 8.4. Let f € H(D!(2)) be an

holomorphic function with a Laurent expansion
o0

Z an(z — 2z)" around zo. We define the residue
n=—oo

of  at zy as



Theorem 8.5. Let Q C C be a bounded domain with
piece-wise regqular and positively oriented boundary. Let
U be an open set such that QcC U, X CVU qa closed set
formed by isolated points (the accumulation points of
X, if there are, must be in OV ) such that X N0 = &,
and f an holomorphic function on the open set U\ X.

Then,
37 /f Res(f,w). (162)
weXNN
Theorem 8.6. For a general curve,
3 /f )dz = Zlnd (7, zi )Res(f, zi). (163)

Proposition 8.7. Let f : 0 C C — C be an holomor-
phic function on a neighborhood of zy with zy a pole.
Then,

1. If zo is a removable singularity, Res(f,z9) = 0.

2. If 2y is a simple singularity,

Res(f,z0) = Zlgrzl (2 — 20) f(2). (164)
8. If zg is a singularity of order k,
1 dr-t
Res(f, z0) = ZILHQO WW[(Z — 20)"f(2)].
(165)

4. If zg is an essential singularity, the residue a_1
must be obtained directly from the Laurent series.

Proposition 8.8. If f = g/h, with f, g holomorphic in
a neighborhood of zy, g(z0) # 0, h(20) = 0,h'(29) # 0,

then

9(20)
h'(z0)
Proposition 8.9. Let f : Q C C — C be a mero-
morphic function in a neighborhood of zg € C. If we
denote f(z) = (z — 20)""g(2) with w € Z* (depending

on the sign zp can be a zero or a pole), then zy is a
single singularity of f'/f and Res(f'/f,z0) =m

Proposition 8.10. Let f(z) = g(= 20) be a function
with g(w) an entire function that admits an expansion
o0

Res(f, ZO)

(166)

w) = Z byw™. If g is not a polynomial, then f has
n=0
an essential singularity at zo and Res(f,z0) = ¢'(0) =
by.

Proposition 8.11. Let f be a function with a simple
pole at zg and g an holomorphic function in a neigh-
borhood of zy. Then, fg has a simple singularity at zg

and Res(fg, z0) = g(z0) Res(f, z0).

Definition 8.5. Let f : Q@ C C — C be a func-
tion. We say f is holomorphic at infinity if and only if
g(w) = f(1/w) is holomorphic at the origin.
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Proposition 8.12. Let f : Q C C — C be an holo-
morphic function on D} (oo ) Then,

Res(f, 00) = / e

Proposition 8.13. Let f be a meromorphzc function
on the Riemann sphere. Then, f is a rational function.
Besides, if X is the sent formed by the poles of F' and
the infinite point, then X is finite and

>

Z Res(f,w) =0 < Res(f,00) = —
weX weX \{oo}

(167)

a1 =——
271'2

Res(f, w).

(168)

Theorem 8.14. Let 2 be a bounded domain with a
piece-wise regular and positively oriented boundary. Let
U be an open set such that Q@ C ¥, f a meromorphic
function on ¥ and h an holomorphic function on ¥.
Let {a;} be the zeros of f on ¥ and n; the multiplici-
ties of aj, and let {b;} be the poles of f on U and m;
the multiplicities of b;. If there is no zeros or poles on

0f), then

1 PG - N i
h(Z) f( ) dz_agﬂh( ]) J

Z h(bj)m;

b;eQ

2mi
(169)

Corollary 8.15. Let Q) be a bounded domain with a
piece-wise reqular and positively oriented boundary and
f a meromorphic function on a neighborhood of Q) that
does not have zeros or poles on 0. Let N the total
number of zeros of f on Q and P the total number

of poles on Q (counting multiplicities). If we denote
T = (%), then

Ind(T, 0) = zim / *?I((ZZ)) d
o

Proposition 8.16. If P is a rational function,

/P005951n9 Q—ZWZReS( ( (—I—i),;@

la]<1
(171)
Proposition 8.17. Let g be a meromorphic function
in a neighborhood of Q = {z € C|Im{z} > 0} with a
finite number of poles on ¥ = {z € C|Im{z} > 0}.

z=N—P.

(170)

If |f(z) = olz]™") or, in other words,
lim|;| 00 [2[| f(2)] = 0, then
/f(m)dac:Qm' Z Res(f(z), @). (172)
s Im{a}>0

Proposition 8.18. Let g be a meromorphic function
in a neighborhood of Q = {z € C|Im{z} > 0} with a
finite number of poles on ¥ = {z € C|Im{z} > 0}.
If lim; o f(2) = 0, then the principal vaule of

/ f(z)e™ dx exists and

PV/f “”dx—2mZRes e o). (173)

acV¥



Proposition 8.19. Let g be a meromorphic function
in a neighborhood of Q = {z € C|Im{z} > 0} with a fi-
nite number of poles on ¥ = {z € C|Im{z} > 0} and a
finite number of simple poles on R. If lim|,| o f(2) =

0, then the principal vaule of / f(x)e™ dx exists and

— 00

P.V./ f(z)e™ do = (174)

2mi Z Res(f(2)e'*, o) + i Z Res(f, 5).

acV¥ BER

(175)

Proposition 8.20. Let P = R/Q be a rational func-
tion such that deg Q > deg P + 1 and without poles on

[0,00]). If a € (0,1),
7p> -

(176)

oo

P(z)

:Ca

P(z)

Res (
) z

Proposition 8.21. If0 <1+ a <n €N, then
/OO
0

9 Homology

2,
dz = 1— e27ria

>

p€[0,00

(a3

.t
nsin[r(a +1)/n]

x()t

d p—
1+azn .

(177)

10 Harmonic functions

Theorem 10.1. Let f € H(Q),C'(Q) be a function.
If f = u+iv, then u,v are harmonic functions on 2.

11 Conforming representation
12 Riemann theorem

13 Runge theorem

14 Zeros of holomorphic func-

tions

Theorem 14.1 (Weierstrass Factorization Theorem).
content...

15 Fourier transform
Definition 15.1. Let f € L'(R) be a function and

¢ € R a number. We define the Fourier transform of f
at the point & as

Fle) = z)e %% dx
f(é)-—mk/f() d.

(178)
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Proposition 15.1. Let f € LY(R) be a function.
Then, the application

F{f}  R—C
£ f(9)
is a well defined application.

Definition 15.2. Let {fn},cy € LP(R) and f €
LP(R) with 1 < p < co. We say the functions f,
converge to f with a norm [|-[|, or converge in LP(R) if
and only if

(179)

m [1f — £, =0. (180)

Theorem 15.2. Let f € L'(R) be a function. Then,
the following statements are true.

1. The Fourier transform of [ satisfies

FUYeL @, 17 (o < 2=l

(181)
2. F{f} is C linear, that is, for all a, 5 € C and
f.9 € L'(R),
Flaf + B9t =aF{f} +BF{g}.  (182)
3. If g(z) = f(z), then for all ¢ € R
36 = f(-9. (183)

If g(x) = g(Ax) and X € R, then for all £ € R
e
1(5)
If g(z) = f(x — a) with a € R, then for all £ € R
3(6) = e f(9).

If g(x) = e f(x) with o € R, then for all ¢ € R

IGE (1849

(185)

9(&) = f(§—a)

If {fatnen © L'(R), f € LY(R) and f, — f
in L'(R) when n — oo, then F{f,} — F{f}
uniformly in R.

(186)

8. The Fourier transform F{f} is a continuous

function in R, F{f} € C(R).
Proposition 15.3. Let f € L'(R) be a function
such that there exists its derivative f' € L*(R) and
hmmﬁoo |f<.’17)‘ =0. Then,
1'(&) = i€ f(9)- (187)

Corollary 15.4. Let f € LY(R) be a function such
that there exists its n-th derivative f™ € LY*(R) and
lim|;| o0 [f(z)] = 0. Then,

F(E) = (€)™ ().

Definition 15.3. Let f: I C R — C be a function.
We define the support of f as

supp f = {z € I'| f(z) # 0}.

(188)

(189)



Definition 15.4. We define the set Z(R) as

PD(R) := {¢ € C*(R) | supp ¢ compact} C L'(R).
(190)

Theorem 15.5. Let f € LY(R) be a function. Then,
there exists a sequence of functions ¢pc Z(R) such that

lim /|f—¢n|dm:0,
h—o0
R

that is, we have convergence of ¢, to f with norm ||-||;.

(191)

Proposition 15.6. Let f € LY(R) be a function.
Then, f € C(R).

Proposition 15.7. Let f € L'(R) be a function.
Then, | £(&)] < /],

Theorem 15.8. Let f € LY(R) be a function. Then,

lim f(z) = 0.

|| — o0

(192)

Theorem 15.9. The application Fourier transform
goes from LY(R) to Co(R), that is, F{f} : L}(R) —
Co(R).

Definition 15.5. We define the Schwartz space as

SR)={fR—C|feC®R)AYr,m € N3¢, <0

such that (1+ |z|)™ - |D" f(z)| < cpm, Vo € R}.

Proposition 15.10. Let f,g € S(R) be two functions,
A € C a number, and P : R — C a polynomial of com-
plex coefficients. Then,

1. f+geSR).
2. A\f € S(R).
3. fge S(R).
4. Pf e S(R).

Theorem 15.11. Let I,J C R be two intervals with I
compact and J open. Let f : I x J — R be a function
such that

1. f(-,A) is Riemann-integrable in I for all X € J,
2. f(z,-) is derivable in J for all x € I.
If Oy f is continuous in I X J, then

1. Oxf(-, \) is Riemann-integrable for all A € J.
2. F(\) = /f(:r:7 A) dz is derivable with continuous

T
derivative in J for all A € J and it satisfies the
rule of derivation over the integral sign.

of

oA
1

/ . d _
F'(A\) = (D\I/f(fﬂv)\o)dff
(193)

Proposition 15.12. Let f € S(R). Then,

7(%, )\0) dz ,V)\O

1. S(R) C LY(R).
2. 2f(&) = (iDef)(€) for all € € R.
Corollary 15.13. Let f € s(R). Then,

z f(€)

Proposition 15.14. The Fourier transform % re-
stricted to S(R) is an automorphism, that is, if f €
S(R) then Z{f} = f € S(R).

(i"D")(€),¥n € N.

(194)

Lemma 15.15. If G(z) = e=* /2, then G(€) = e /2.
We observe hence that G is a fixed point of F .

Lemma 15.16. If f,g € S(R), then

/ F(©)3() de = / f(r)g(rydr.  (195)

Lemma 15.17. Let f,g € S(R) and A € R. Then,

1. g(\x)f(z) converges to g(0)f(x) uniformly in R
when A\ — oo.

2. f(Ax)g(x) converges to f(0)§(x) uniformly in R
when A — 0.

Lemma 15.18. Let f,g € s(R). Then,

10) [ 9©de = 90) [ ferac. a90)
R R
Lemma 15.19. Let f € s(R) be a function. Then,

£(0) = J% / f(e)ae.
R

Corollary 15.20 (Inversion formula). Let f € S(R).
Then

(197)

F@) = \/% / FE)e™de Ve e R, (198)
R
Theorem 15.21 (Inversion of .# in S(R)). Let .F :

S(R) — S(R), defined by F{f} = f with f € s(R).
Then, F is an linear isomorphism in the vector space
SR) and F* = Id. In particular, F~' = .F3 and if
f e SR), then

o) = vt qe = L [ peint
f(@) mk/y{f}“) ae mR/f dc.

(199)
In fact, F is an homemorphism (its inverse is con-
tinuous) if we consider S(R) as the metric space

(SR, -l m)-

Theorem 15.22 (Inversion of .% for discontinuities).
Lﬁt f be a absolutely Riemann-integrable function in R

€with f and f' piece-wise continuous. Then,

f@)+f@) 1 vt
5 —mR/fe d¢.

(200)
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Definition 15.6. Let f be a Riemann-integrable func-
tion in R. We define the Fourier transform of cosine

kind as
x)dr = \/>/005 (&x) fe(z

(201)

and the Fourier transform of sine kind as

/ sin(éx) f(z) da = \/>/sm (&x) folx

B (202)

A 1

[s(&) = om

Proposition 15.23. Let fc,fs be the Fourier trans-
form of cosine and sine kinds of f. Then, f.(§) is

even, fy(€) is odd, and f(€) = fo(€) —ifs(€).

Theorem 15.24. Let f be a absolutely Riemann-
integrable function in R with f and [’ piece-wise con-
tinuous. Then,

ACa RS Cas BV / focos(éa)de, (209

fo(@ );—fo \/>/fs sin(&x) d (204)
Theorem 15.25 (Tonelli’s Theorem). Let f : I x

J — R? two functions with I,J C R such that
f(z,y) >0 for all (z,y) € I x J. Then,

/fdxdy—//fxydydx—//fa:yda:dy

IxJ
(205)
Besides, if these integrals are finite, then f € L'(R).

Corollary 15.26. Let f,g € L'(R).
f(t)g(x —t) € L1(R?).

Definition 15.7. Let f,g € L'(R) two function. We
define the convolution of f and g as

(f =

Then, F(xz,t) =

9):R—C

e [ f(Ogz —t)dar  (200)
/

which is from L!(R).

Proposition 15.27. Let f,g € L'(R) be two func-
tions. Then fxg=+/ 27Tf§.

Proposition 15.28. Let f € L*(R) be a function and
g = f2. Then,

fOfE—tde.  (207)

Theorem 15.29. Let f € LP(R),1 < p < 400 and
¢ € S(R). Then, f*¢ € C°(R).

Theorem 15.30. Let f € LP(R),1 < p < +oo with
supp f compact and ¢ € D(R). Then, f ¢ € D(R)
and supp {f * ¢} C supp f + supp ¢.

Definition 15.8. We say the functions ¢, : R — R

) dgontinuous in a compact support are an approximation

18

of the unity if and only if
1. ¢ >0 for all e.

. /¢6(g:) da

R
3. For all § > 0 it is satisfied that

e

Theorem 15.31. Let f : R — R be a continuous
function with compact support {¢.} approximation of

the unity. Then, when € — 0 fx¢. converges uniformly
mn R to f.

lim
e—0

sup ¢ (t)

[t]>8

(208)

Corollary 15.32. Let f : R — C be a continuous
function with compact support {¢.} approximation of

the unity. Then, when € — 0 fx¢. converges uniformly
n R to f.

Theorem 15.33 (Weierstrass polynomial approxima-
tion). Let f : [a,b] — R be a continuous function.
Then, there exist polynomials P,, with n € N such that
P, converge uniformly to f in [a,b].

Theorem 15.34. Let f € LP(R) be a function. Then,
there exists a sequence of function f, € D(R) of the
form fn — f with norm |-, (that is, convergence in

L?), and if f € C*(R) with k >0, then

T 1o — o) =0 (209)

with || f|lcrgy = maxo<i<k (sup,er |D'f(2)|) being a
norm.

Lemma 15.35. Let f € L*(R) be a function such that

for all ¢ € S(R) it is satisfied that /f(x)gb(x) dz =0.

R
Then, f = 0.

Corollary 15.36. The Fourier transform Z is injec-
tive since F{f} = f —0<:>f—0 in LY*(R) (the zero
function class) and F is a linear application.

Theorem 15.37 (Inversion theorem in L!'(R)). Let
f € LY(R) be a function such that f € L*(R). Then,

1 £ i
fz) = mﬁzf(g)e £d¢, vz € R. (210)

16 Fourier transform 2

Theorem 16.1 (Parseval formula). Let f,g € S(R) C
L3(R) be two functions. Then,

/f dm—/f

(211)



Theorem 16.2 (Plancherel Theorem). Let f €
S(R) C L?(R) be a function. Then,

J1s@ra= [ |fe] a.
R R

that is, || fll, = Hng and F is an isometry between

(212)

vector spaces.

Definition 16.1. Let f € S(R) be a function. We
define the following quantities

B(f) = / (@) de, (213)
R

o(f)? = / 2 f (@) da (214)
R

Theorem 16.3. Let f € S(R) be a function. Then,

ootz ZY) (215)
17 Multidimensional fourier

transform

Theorem 17.1. For several variables

oo

1 [ —i(z1&16
ﬂ{f(xl,...,xn)}:m)n/z_é..._/ Flan, ... zn)e 0166,

- (216)

or simpler,

1

f(x)e 181 q
n/
(2m) R/

X .

F{X)} = (217)

18 Arithmetic and topology

Definition 18.1. Let R? = {(x.y) |z,y € R}. Let us
consider the following operations of addition and mul-
tiplication:

e Sum: given two (a,b), (c,d) € R? we define the
sum “+” by components

(a,b) + (c,d) = (a+ b, c +d). (218)

e Product: given two (a,b),(c,d) € R? we define
the product by

(a,b)(¢,d) = (ac — bd, ad + be). (219)

We define the set C as (R2,+,).

Proposition 18.1. The set C of complex numbers is
an abelian field.

Proposition 18.2. Let C be defined in the second way.
Then,

1. C is an abelian ring.
2. If we define [ as

f:(C+,) — (R, 4,)

(z,y) — x4+ yi (220)

)

then f is a morphism of rings.

3. The function f is, in fact, an isomorphism and
C is an abelian field.

Proposition 18.3. The subset of C generated by num-
bers of the form x = (x,0) is isomorph to the set of real
numbers.

Theorem 18.4. C is not an ordered field.

Definition 18.2. Let z = a + bi € C. We define the
conjugate of z as

zZ:=a-—bi. (221)

Proposition 18.5. For all z,w € C, we have:

Lo o

zz € R. In particular, if z a + bi, then

2Z = a® + b2

+~

5. zeRe z=17Z.

Fhelinprse elament of z € C* in multiplication
is 27t = z/(22).

Definition 18.3. Let z = a + bi € C. We define the
real part of z and imaginary part of z respectively as

Re{z} =a, Im{z} = b. (222)
Proposition 18.6. Let z € C. Then,
Re{z} = = ; o mfey =22 (223)

Proposition 18.7. Let z,w € C and the following
distance function.

d:CxC—R
(z,w) — d(z,w) = |z — w| (224)

Then, (C,d) is a metric space.

Definition 18.4. Let z = a + bi € C. We define the
modulus of z as ~
|z = d(z,0),

which is equivalent to /zZ.

(225)

Definition 18.5. Let r € Rt and zy € C. We define

an open disc of radius v and center zy as follows
B (z0) ={z € C||z — 2| <r}. (226)

Definition 18.6. Let » € Rt and zy € C. We define
a punctured disc of radius r and center zy as follows

Bl(z)) ={z€C|0< |z — 2| <7}. (227)
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Definition 18.7. Let r € Rt and 2y € C. We define
a closed disc of radius r and center zy as follows
B.(20) ={z€C||z— 20| <7}. (228)

Definition 18.8. We denote by D the unitary disc of
center 0 and radius 1. Besides, we denote by T C C
the unitary circumference, that is,

T:={zeC||z|=1}. (229)
We also denote it by S*.

Lemma 18.8. The set B = { B,.(29) |r € R*, zp € R?}
is a basis of the topology of R? as a metric space. The
set D = {D,(z0) |7 € RT, 29 € C} is a basis of the
topology of C as a metric space.

Proposition 18.9. The sets C and R? with the topol-
ogy of metric space are homeomorphs.

Corollary 18.10. There is a bijection between B and
D, that is, between balls of R? and discs of C.

Proposition 18.11. Let z,w € C. Then,
1. |z| > 0.
2. |zl =0 2=0.
3. —|z| < Re{z} < |z| and —|z] <Im{z} < |z|.
4o Jow] = |2l
5. If w#0, |z/w| = |z[/w].
6. |z +w| <|z| + |wl|.
7 |z wl = [z = [w]].
8. |Re{zw}| < |z||w| and |Im{z}| < |z||w].

9. |zt w®> = |2]> + |w|* £ 2Re{zw}.

10. |27 = |2|"
Corollary 18.12. Let zq,...,2z, € C. Then,
S| <>zl Jazal = lml el
i=1 i=1

(230)

Definition 18.9. Let z € C*. We define the argument
of z, denoted by arg z, as the real number 6 such that
z = |z|(cos 8 + isin ). Let us observe that arg z is not
a function but a multivalued application. We define
the principal argument of z as

Argz =0y € [0,27) | z = |z|(cos @ +isinf). (231)
In general, to make 6 to be unique, it is enough to
impose it to belong to a certain semiopen interval of
length 27. Choosing the interval I is called by taking
a determination of the argument.
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Definition 18.10. Given a complex number z that we
can express by z = |z|(cosf + isinf) for some 6 € R,
we use the notation r = |z| to write

z=rj =r(cosf + isinf) (232)

or simply 7y when it is obvious which complex number
are we referring to. We call it polar form of z.

Proposition 18.13. Let z € C and rg its polar form.
Then,

(233)

Corollary 18.14 (De Moivre’s Formula). Let 6 € R.
Then,

(cosf +isin )" = cos(nf) + isin(nh). (234)

Proposition 18.15. Let z,w € C. Then,
1. arg zw = arg z + argw + 27k.
2. argz" = nargz + 27k.

Definition 18.11. We denote the complex numbers
z generated by moving the point zyp = 1 around T a
length t in a counter-clockwise direction by 1;. In other
words, 1; are the complex numbers z = cost + isint.

Proposition 18.16. Let f : t — 1;. Then, f is a
morphism from (R,+) to (T,-), with ker f = 27Z.

Definition 18.12. Let z € C and n € N. We say
w € C is an n-th root of z if and only if

w" = 2. (235)

Theorem 18.17. Let n € N* and z € C. Then,
there exist wy,...,w, € C such that w = z for all
i € {l,...,n}, and w; # w; for all i # j. Besides,
if w € C satisfies W™ = z, then w = wy for some
ke{l,...,n}.

Theorem 18.18. Let v : [a,b] — C be a continuous
curve such that v(t) # OVt € [a,b]. Then, there exists
a continuous determination ¢ of the argument of ~y.
Then, ¢(t) + 2rk with k € Z is the general expression
of all the arqgument determinations of v. If v is differ-

| Re{zatinstet | thet?d -is Epferentiable and ¢’ = Im{~'/~}.

Definition 18.13. Let v : [a,b] — C be a regular
curve. We define the variation of the argument along
v as

b

/
A, arg == Im / 7®) dt
Y

a

(236)

Definition 18.14. Let v : [a,b] — C be a curve such
that v(t) # OVt € [a, b]. Then, we define the index of v
with respect to the origin or the number of revolutions
of v around the origin

1
Ind(~,0) = %Av arg . (237)



Proposition 18.19. Let v : [a,b] — C be a piece-
wise reqular curve. Then,

~ omi

Ind(~, 0) (238)

Definition 18.15. Let v be a closed curve and z ¢ T'.
We define the index of v with respect to z as

Ind(v, 2) == Ind(y — z,0). (239)

Proposition 18.20. Let v : [a,b] — C be a curve
piece-wise of class C*([a,b]). Then,

b

/ 7' (1)
v

EOEE

1

21

Ind (v, z) (240)

Proposition 18.21. Let v
piece-wise of class C'([a,b]).
—Ind(y, 2).

[a,b] — C be a
Then, Ind(—v,z)

19 Sequences and limits

Definition 19.1. A sequence of complex numbers is
an application of the form

Nom — € (241)
n— 2z,

We denote it by {z,},—

Definition 19.2. Let {z,},-, be a sequence. We say
the sequence has limit L or it converges to the limit L
if and only if

Ve € R*3ng € N| |2, — L| < e¥n > ny. (242)

We denote it by

lim z, =L,
h—o0

hm {Zn}zozo - L7 {ZH}ZO:O — L.

(243)

Theorem 19.1. Let z,, = 2z, +1iy, be the general term
of a sequence {z,},., and L = Ly +iL, € C. Then,

{zn}zozo — L& {xn}zozo — L, A {yn}zozo — L.
(244)

Definition 19.3. Let {z,},., be a sequence. We say
it tends to infinity and denote it by lim z, = oo if and
only if

Vk € RM3ng € N| |2,] > k,Vn > ny. (245)

Definition 19.4. Let {z,},-, be a sequence. We say
it is a Cauchy sequence if and only if

Ve € RM3ng € N| |2, — 2| < &,¥n,m > ng. (246)
Theorem 19.2. Let {z,},., be a convergent se-
quence. Then, it is a Cauchy sequence.
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Theorem 19.3. Let z, = x,, +1iy, be the general term
oo
of a sequence {z,}, . Then,

{zn}ory is a Cauchy sequence < {xn )" o, {yn}po are Cauchy se

(247)

Theorem 19.4. The field C of complex numbers is
complete.

Definition 19.5. The Riemann sphere is a one-
dimensional complex manifold which is the one-point
compactification of the extended complex numbers C=
C U {00}, together with two charts.

20 Functions

Definition 20.1. A topology is an ordered pair (X, 7),
where X is a set and 7 a collection of subsets of X
satisfying the following properties:

1. The empty set and X belong to 7.

2. Any arbitrary (finite or infinite) union of mem-

bers of 7 still belongs to 7.

The intersection of any finite number of members
of 7 still belongs to 7.

The elements of 7 are called open sets and the collec-
tion 7 is called the topology on X.

Definition 20.2. Let (X,d) be a metric space. A
topology on the metric space by the metric d is the set
7 of all open sets of M.

Definition 20.3. Let A be a subset of a metric space
(M, d) and a a point in M. We say that a is an interior
point of A if there is a ball By q)(a,r) C A.

Definition 20.4. Let A be a subset of a metric space
(M, d) and a a point in Ml. We say that a is an exterior
point of A if there is a ball such that By q)(a,7)UA =
0.

Definition 20.5. Let A be a subset of a metric space
(M, d) and a a point in Ml. We say that a is a boundary
point of A if it is not interior or exterior or, which is
equivalent, if every ball B q)(a,r) contains elements
of A and A°.

Definition 20.6. Let A be a subset of a metric space
(M, d) and a a point in M. We say that a is an accu-
mulation point of A if every ball with center a contains
points of A different to a. In other words, every punc-
tured ball satisfies By, ,(a,r) U A # (.

(M, d)
Definition 20.7. Let A be a subset of a metric space
(M, d). We define the interior of A as the set of all
interior points of A, and we denote it by int(A).

Definition 20.8. Let A be a subset of a metric space
(M, d). We define the exterior of A as the set of all
exterior points of A, and we denote it by ext(A).

Definition 20.9. Let A be a subset of a metric space
(M, d). We define the boundary of A as the set of all
boundary points of A, and we denote it by JA.



Definition 20.10. Let A be a subset of a metric space
(M, d). We define the closure of A as the set of all ac-
cumulation points of A, and we denote it by A.

Definition 20.11. Let (M, d) be a metric space and
A a subset of M. We say A is an open set if it contains
none of its boundary points, that is, if 9A N A = ().

Definition 20.12. Let (M, d) be a metric space and
A a subset of M. We say A is a closed set if it contains
all its boundary points, that is, if 04 C A.

Definition 20.13. Let (M, d) be a metric space and
A a subset of M. We say A is a bounded set if there
exist a point a € M and a positive real number r such
that the ball By q)(a,r) contains A.

Definition 20.14. Let (M, d) be a metric space and
A a subset of M. We say A is a compact set if it a
bounded and closed set.

Proposition 20.1. Let (M, d) be a metric space and
A a subset of Ml. Then, A is open if and only if A€ is
closed.

Definition 20.15. Let Q2 C C be a set. We say (2 is
connected if and only if it cannot be represented as the
union of two or more disjoint non-empty open subsets
(in the topology of the subspace). More formally, € is
connected if there are not two open sets U, V' C C such
that

Uy=UnQ, Vi=VnQ, UNV =g,
(248)

Otherwise, we say (2 is disconnected.

Definition 20.16. Let 2 C C be a set. We say 2
1s simply connected if and only if every circuit is ho-
motopic in  to a point in . Equivalently, is simply
connected if and only if every pair of curves with the
same extremes are homotopic.

Definition 20.17. Let Q C C be a set. We say {2 is
convez if and only if for all pair of point a,b € €, the
segment defined by

[a,b) ={z]z=(1—t)a+1th,0 <t <1} (249)

is contained in €2, that is, if every pair of points can be
connected by a straight line that belongs to the set.

Definition 20.18. Let 2 € C be a set. We say () is a
star-convex set if and only if there exists zg € C such
that for all z € Q the segment [z, 2] is contained by €.

Definition 20.19. Let (M, d) be a metric space and
S C M aset. We say S is path-connected if every pair
of points can be connected by a continuous path that
belongs to the set.

Definition 20.20. Let 2 € C be a set. We say Q is a
region or domain if and only if it is open, non-empty,
and connected.

Definition 20.21. Let 2 C C be a non-empty set. We
say 1 C Q is a connected component of ) if and only
if it is a maximal connected subset, that is, if zg € (4
and W is a connected subset of C that contains zj,
then W C Q4.

Definition 20.22. Let D C C be a set. We define a
complex function f as the application

f:DCC—C

0= ) (250)

Definition 20.23. Let f : 2 € C — C be a function.
We say it tends to infinity at the point zo and denote
it by lim,_,., f(z) = oo if and only if

Vk € RT35(k) € R* | |2 — 20| < 6 = |£(2)] > k.
(251)

Definition 20.24. Let f: Q C C — C be a function.
We write lim,_, f(z) = L if and only if

Ve € R*3k(e) € RY | 2] > k= |f(2) — L| < &. (252)

Proposition 20.2. Let fy, fo Q — C be two
functions and zy a point such that lim, ,, fi =
wy, lim, ., fo = wy. Then,

1. fi + f2 has also a limit and lim,_,,, f + g =
w1 + wa.

2. fif2 has also a limit and lim,_,,, fg = wiws.

3. If wg # 0, then f/g has also a limit and
limz—)zo f/g = ’LU1/’LU2.

UhUVI =9, If h(z) is a continuous function defined on a

neighborhood of wy, then lim,_,., h(f1(2)) =
h(wl)

Definition 20.25. Let f: Q C C — C be a function
and zg € 2. We say f is continuous in z if and only
if

Ve e RTI0 € RT | |2 — 20| < 8 = |f(2) — f(20)| < e
(253)

Proposition 20.3. Let f : QQ C C — C be a function
and zg € 2. Then, f = Re{f} +iIm{f} is continuous
at zo if and only if Re{f} and Im{f} are continuous
at zg.

Proposition 20.4. Let f : QQ C C — C be a function
and zy € Q. Then, f is continuous at zg if and only
if for all sequence {z,}, -, of Q convergent at zo it is
true that the sequence {f(zn)},o, converges to f(z).

Proposition 20.5. Let f,g: 2 C C — C be two con-
tinuous function at a point zg € C and A € C. Then,
M, f+g, and fg are continuous at zg. The function
f/g is continuous at zo if g(zo) # 0.

Definition 20.26. For all z € C, we define the com-
plex exponential function as the following series

(254)

Proposition 20.6. The radius of convergence of % is
infinite.
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Proposition 20.7. e¢* = ¢e* for all x € R.
Proposition 20.8. ¢*T% = e*e” for all z,w € C.
Proposition 20.9. For all z € C we have e* # 0.

Proposition 20.10. The image of e* is C*.

v4

Proposition 20.11. The derivative of €* is e*.

z

Proposition 20.12. e* = ¢e”*.

Proposition 20.13. |¢?| = efte{z},

Proposition 20.14 (Euler’s Formula). If § € R, then
e® has modulus one and we have that

e” = cosx + isin . ‘ (255)
Corollary 20.15. Let z € C*. Then,
z = |z|e, (256)
with 8 € [0, 27).
Proposition 20.16. The following function
exp: (R, +) — (C*,-) (257)

T — e

is a morphism of groups and its image is T.

Proposition 20.17. The complex exponential func-
tion is a periodic function with period 2mi.

Proposition 20.18. Let a € C*.
infinite solutions.

Then, e* = a has

Proposition 20.19. The equation e* = 0 does not
have solutions.

Proposition 20.20. Let yo € C be a numbers, B =
{z€Clyo <Im{z} <yo+27} a set, and f : B —
C* be the exponential function. Then, f is bijective in
B 7.

Proposition 20.21. Let xg, yo, m € C be two numbers
with m # 0 and f the exponential function ?. Then,

1. f transforms the line y = yo to a line that starts
at z = 0 and continues with an argument yo from
the real positive axis.

2. f transforms the line x = xg to a circle centered
at the origin and radius r = e™°.

3. f transforms the line y = mx to the parametric
curve z = e%e"™* (q spiral).

Definition 20.27. Let z € C be a number. We define
the complex trigonometric functions as

ezi + e—zi

Co8 2 1= ——0—, (258)
sinz = % (259)
2
21 a—21
tanzi= - . (260)
eZl + e*Zl

Proposition 20.22. For all z € C,

sin® 2 + cos® z = 1. (261)
Proposition 20.23. For all z € C,
cos(—z) = cos(z), sin(—z) = —sin(z).  (262)

Proposition 20.24. For all z,w € C,

cos(z + w) = cos z cos wFsin z sin w,
(263)

Proposition 20.25. The functions cosz,sinz have
period of 2m.

Proposition 20.26. Let zg € C. Then, zg is root of
sinz (cosz) if and only if it is a root of sinx (coszx).

Definition 20.28. Let z € C be a number. We define
the complex hyperbolic functions as

z —Zz
cosh z = %, (264)
sinh 2 == % (265)
tanhz = (266)
eZ + e—Z
Proposition 20.27. For all z € C,
cosh? z —sinh? z = 1. (267)

Proposition 20.28. For all z € C,

cosh(—z) = cosh(z), sinh(—z) = —sinh(z).

sin(z + w) = sin z cos w=c

(268)
Proposition 20.29. For all z,w € C,
cosh(z £ w) = cosh z coshw =+ sinh zsinhw,  (269)
sinh(z £ w) = sinh z cosh w £ cosh zsinhw.  (270)
Proposition 20.30. For all z € C,
cosh z = cos(iz), cos z = cosh(iz) (271)
sinh z = —isin(iz), sin z = —isinh(iz) (272)
Proposition 20.31. For all z =z +1iy € C,
cos(z + 1y) = cosx coshy — isin x sinh y, (273)
sin(x + iy) = sinx coshy + i cos x sinh y, (274)
) sin(2x) sinhy
t = .
an(z +iy) cos(2x) + cosh(2y) ZCOS(QJ:) + cosh(2y)
(275)
Proposition 20.32. For all z =z 411y € C,
_ sinh(2x) sin(2y)
tanh = .
anh(z +iy) cosh(2z) + cos(2y) ~ cosh(2z) 4 cos(2y)
(276)
Proposition 20.33. For all z = x + 1y,
|cos z| = \/cosh2 y —sin?z = \/cos? z 4 sinh®y,
(277)

sin z| = \/sinh2 x +sin®y = \/cosh2 x — cos?y.
(278)
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Corollary 20.34. For all z = x + iy,

|sinhy| < |cos z| < coshy,
(279)

Proposition 20.35. The roots of the function sinh z
are of the form z, nm and those for the function
cosh z are of the form w, = (2n+ 1)7/2i.

Definition 20.29. Let D C C be a set. We define a
multivalued function from D to C as a subset of D x C
such that for every z € D there exists a number y € C
such that (z,w) € f.

Definition 20.30. For z € C*, we call the natural
logarithm of z every number w such that e* = z, that
is,

Inz:={weC|e" ==z}. (280)

Proposition 20.36. Given z € C we can define Inz
from the natural logarithm of a real number as
Inz =In|z| +iargz = In|z| +iArgz + 2nki. (281)
Definition 20.31. We define the principal natural log-
arithm of z as the value defined by the principal argu-
ment of z, that is,
Logz = In|z| + iArgz. (282)
Definition 20.32. We define the determination I
(with T being a semiopen interval) of the logarithm
as

log; z :=1n|z| + i arg; . (283)

Definition 20.33. Let £ C C* be a connected set.
We define the continuous determination of the loga-
rithm in E as the continuous function g : £ — C
such that e9(*) = 2. More generally, if f : E — C is a
function such that f(z) # 0 for all z € E, then we de-
fine the continuous determination of In f as a function
g: E — C such that e9*) = f(2).

Proposition 20.37. Let z,w € C two numbers. Then,
1. In(zw) =Inz +Inw + 27ki, k € Z.

2. If we want to stay in the principal argument,

In(zw)

{lnz + Inw,

(284)
3. SEARCH MORE PROPERTIES

Definition 20.34. Let z € C be a number. We define
the complex trigonometric inverse functions as

arcsin z == —iln (zz +vV1- z2>, (285)

arccos z = —i 1n<z +Vz22— 1), (286)
1. 14z

t =—=1 . 287

arctan z 5 T (287)

|sinh y| < |sin z| < coshy.

Definition 20.35. Let z € C be a number. We define
the complex hyperbolic inverse functions as

arcsinh z == In (2 +v1+ 22) , (288)
arccosh z := In (2 +vz22 - 1), (289)
1. 14z

hz=-1 . 2
arctanh z 5T — (290)

Definition 20.36. Let z,a € C with z # 0. Then, we
define the complex power function as

a

2% = eIn 2,

(291)

If E C C* is a connected set and f : E — C a func-
tions such that f(z) # 0 for all z € F, and w € C
a number, we define a continuous determination of
f% as a continuous function g : £ — C such that

9(2) € [f(2)]".
Proposition 20.38. Ifa = o+ (i and z = e, then

P ealnr75(9+27rk)e([3lnr+a(9+2ﬂ'k))i7 (292)
|Za‘ —e® In |z|—B(arg z+27k)

(293)

Proposition 20.39. Let a,z € C be two numbers.
Then,

1. If a = n € Z, the complex power is a function

and
2" = e, (294)
2. If a =n/m € Q, there are n values and
P rne(9+27rk)n/m1’. (295)

3. Ifa isirrational, the norm is uniquely determined
but the argument has infinite values.

4. IF a € C\R, the argument is uniquely determined
and the norm has infinite values.

Proposition 20.40. Let z,w € C. Then,

if Argz + Argw < 27
Inz+ Inw — 2mi, if Argz + Argw > 27 ], (e?)" = ealbt2mki)

Definition 20.37. A Riemann surface X is a con-
nected complex 1-manifold.

Definition 20.38. We define a sheet as each of the
complex planes of the Riemann surface.

Definition 20.39. We define a cut as the line (not
necessaryly straight) of union between sheets.

Definition 20.40. We define a branch point as a point
where start or finish a cut.
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21 Derivatives

Definition 21.1. Let f: Q C C — C be a function
and zg € € an interior point. We define the derivative
of f at zy as

£ = S0 _

Z— 20 h—0

f(z0+ 1) = f(20)
h

(296)
in case the limit exists. If f has derivative, we say f is
derivable at zg.

Definition 21.2. Let f: Q2 C C — C be a function
and zg € C a point. We say f is holomorphic at € if
and only if it is C-derivable at every point of . In
that case, it is defined the function f': Q C C — C
that associates each point z of Q with f/(z).

Definition 21.3. Let f : @ C C — C be a func-
tion. We define the domain of holomphism as the re-
gion where f is derivable. We say f is entire if and
only if the domain of holomorphism is C.

Definition 21.4. Let f : Q2 C C — C be a function
and zp € C a point. We say f is holomorphic at zy if
and only if it is holomorphic at some neighborhood of
Z0-

Proposition 21.1. Let f: Q2 C C — C be a function
and zo € C a point. If f is derivable at zy, then it is
continuous at zg.

Theorem 21.2. Let f,g: Q2 C C — C be two func-
tions and zg € Q a point. Then, the following state-
ments are true.

1. If f is constant at 2, then f is derivable at z
and f'(z9) = 0.

2. If f(z) = z in every point of Q, then f is deriv-
able at zg and f'(z0) = 1.

3. If f,qg are derivable at zy and o, € C, then
of + By are derivable at zy and (of + Bg) (20) =
af'(z0) + B9 (20)-

4. If f, g are derivable at zy, then fg is derivable at
zo and

(f9)' (20) = f'(20)9(20) + f(20)g’ (20)-

5. If f, g are derivable at zg and g(z9) # 0, then f/g
1s derivable at zo and

(f) I(zo) _ J'(20)9(20) = f(20)g'(20)

9 9(z0)*

(297)

p (298)

Theorem 21.3. Let f: Q3 CC — C be a derivable
function at a point zg € C and g : 22 C C — C be an-
other derivable function at a point f(z9) € Qa. Then,
go [ is derivable at zy and

(90 f) (20) = ¢'(f(20) ' (20)-

Theorem 21.4. Let f : Q C C — C a function of
class C*(2) with Q an open set, injective, and derivable
at every point of Q with non-zero derivative. Then,

(299)

1. O = f(Q) is an open subset of C.

2. The inverse function f~' exist, it is well defined
and it is derivable at Q.

3. If z€Q and 2 = f(z), then

(300)

Proposition 21.5. A determination of In z with z € C
is continuous except in a semiline.

Theorem 21.6. Let Q@ C C be an open set and
¢ € C(Q), such that e?*) = z for all z € Q. Then,
we have ¢ € H(QY) and
1
¢ (z) = ;,Vz € Q. (301)

Proposition 21.7. A determination of In z with z € C
is holomorphic except in a semiline.

Proposition 21.8. Let I = [0,0 4+ 27) a determina-
tion of the logarithm, Iny z. Then, In; z is holomorphic
except in the semiline Ly = {rem’ eC ‘ r> 0}.

Definition 21.5. Let f: 2 C C — C be a function.
We say f is of class C1(Q)) or simply f € c*(Q2) if and
only if, using f = u + iv with u = Re{f},v = Im{f},
the partial derivatives of u and v as a two variable real
functions exist and are continuous. In other words,

f € CHQ) if and only if
ou Ou Ov Ov
%a 87?4, %a aiy (302)

exist and are continuous.

Theorem 21.9 (Cauchy-Riemann conditions). Let f :
Q C C — C be a function and zy € Q an interior
point. Then, f is derivable at zg if and only if is dif-
ferentiable at zo and df (zg) is C-linear, that is,

ou Ov ov ou

e (303)

which are known as Cauchy-Riemann conditions.

Theorem 21.10. Let f : Q@ C C — C be a func-
tion and zy € Q an interior point. If u,v satisfy the
Cauchy-Riemann equation and their partial derivatives
are continuous, then f is derivable.

Definition 21.6. We define the operators
0 1/0 .0 0 1/0 .0
— =zl —t= |, =zl =+,
0z 2 \ Oz y 0z 2 \ Oz oy
(304)

that act over the functions such that the real and imag-
inary part w,v have partial derivatives.

Proposition 21.11. Let f: Q C C — C a function
of class C1(Q). Then, for all zo € §

flzo+h) = flz0) + (gﬁ)ZOh + @J;)zoﬁ + o(|h]).

(305)
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Theorem 21.12. Let f: Q C C — C be a function
and zg an interior point. Then, at zg

Ou Ov dv  Ou of 5‘7f77,5'7f
gr agor . oy T oz 'Tar oy
(306)
Corollary 21.13.
of _ . of
Proposition 21.14.
or z z 00 i
— 5 — = 9:—177:——.
A N M E 0 2z
(308)
Corollary 21.15.
df _ _9f

22 Series

o
Definition 22.1. We say Z zn, converges if and only

n=1
N

if S,, = Z zp, has limit at n — oo.

n=1

o0
Proposition 22.1. Zzn converges if and only if

n=1

oo oo
g a, and E b, converge.
n=1 n=1

oo
Definition 22.2. We say Z zpn, converges absolutely

n=1
o0
if and only if Z |z,,| converges.

n=1

oo
Proposition 22.2. Z |zn| converges if and only if

n=1
0 [e'e)
Z lan| and Z |b,| converge.
n=1 n=1

Proposition 22.3. 1. A series converges abso-
lutely with sum S if and only if every rearrange-
ment is convergent with the same sum S.

2. An absolutely convergent series can be summed
by blocks in an arbitrary way.

Proposition 22.4. Let Zan, Zb be two absolutely

n n
convergent series with sums A and B respectively.

k
Then, the series Y, ¢, with ¢, = Zanbk_n is ab-
n=0

solutely convergent with sum AB.
Theorem 22.5 (Weierstrass M-test). If | f.(p)| < M,

forallpe X;n>1 and Z M, < oo, then the series

n=0

o0
Z fn(p) is uniformly convergent on X.
n=0
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Lemma 22.6 (Abel’s summation formula). Let
{an}y”os {bn}ry be two sequences of complex numbers
and A, = a1+ ---+a,. Then,

Z arby = Apbpi1 — Z Ap(bp41 — br).
k=1 k=1

(310)

Theorem 22.7 (Dirichlet’s  criteria).  Let

an(p)gn(p) be a series where f,(p) are complex
1

and gn(p) are real for all p € X,n > 1. If we de-
note F,(p) = f1(p) + - - fu(p), there exists a constant
M such that |F,|(p) < M for alln >,p € X, gn(p)
is monotonous decreasing and converges uniformly to

o0

zero on X, then the series Z fn(P)gn(p) is uniformly
n=1

convergent on X.

Theorem 22.8 (Abel’s criteria). Let Z fn(P)gn(p) be

n=1

a series where f,(p), gn(p) are complez. [fz fn(p) is

n=1
uniformly convergent on X andd there exists a number
M € R* such that for allp € X

91(0)| + D |gn(p) — gnr1(p)| < M, (311)

o0
then the series Z fr(P)gn(p) is uniformly convergent

n=1

on X.

Definition 22.3. We define a complex power series as
a series of the form

Z an(z — 20)", an, 2,20 € C. (312)
n=0

We call the term a, the n-th coefficient of the series.
In case a, = 0 Vn < m, we will start the counting
directly from m.

oo
Definition 22.4. Let Z an(z — 29)" be a power se-

n=0
ries. We define its domain of convergence as

E:{zEC

Theorem 22.9. Let Zan(z —20)" be a power se-
n

ries and R = 1/p, where p = limsup,, |an|1/". Then,

the series converges uniformly on the compacts of the

open disc D(zp, R), converges absolutely at every point

z € D and diverges outside D. Hence, the set of con-

verges B satisfies D C E C D and D = intE.

Z an(z — 2z)" converges} . (313)

n=0

Definition 22.5. Radius of convergence.



Proposition 22.10. Let Zan(z —20)" be a power

n
series and R = limy, o0 |an|/|an+1|. If the limit exists,
then R is the radius of convergence.

Theorem 22.11 (Cauchy-Hadamard Theorem). Let

S = i an(z — z)"
n=0

be the following complex power series with a,,zo € C
and R € [0,400) U {400} the radius of convergence.
Then,

(314)

1. If |z — 20| < R then S converges. In fact, for all
r < R we have S converges uniformly at the disc
DT(Z(]).

2. If |z — 20| > R then S diverges.

3. The function f(z) = S(2) is derivable at Dg(zo)
and its formal derivative is

o0
= Z nan(z — zo)n*l7
n=0

with the same radius of convergence.

(315)

Definition 22.6. Let Zan(z — 20)" be a series, S =

ENC(z, R) non empty, and m > 1 a real number. We

define

Sm={z€C||z— 2| < R,d(z,S) <m(R—1|z—a|])}. ™

(316)

Definition 22.7 (Stolz angle). Let S be formed by
one point w. We define the Stolz angle as the angle
generated by the S,,.

Theorem
Z an(z — 20)"

n

that the series converges uniformly on it. Then, the
series converges uniformly on Sy, for all m > 1. In
particular, the sum function is continuous on Sy, and

one has
E an(z E an (w
n

22.12 (Abel’s Let
be a series with S non empty and such

theorem).

lim

_ ZO
z2—w,zESm

, w e S.
(317)

Theorem 22.13. Let Zan(z —20)" be a series with

§ a 7L

is holomorphic on D(a, R) and it has a derwatzve
= Znan(z —z0)" !,
n

Proposition 22.14. Let f : D(a,R) CC — C be a
function. If there exists a power series Z an(z — 20)",

n

radius of convergence R. Then, f(z — 20)

Vz e D. (318)

n
convergent on D such that

z) = Zan(z —20)",

|z — 20| < R, (319)

27

then the series is unique. In fact, f is infinitely holo-
morphic and the coefficients a, are determined by f
with the relation

f"(20)
n!

Definition 22.8. Let f : D(a,R) C C — C be a
function. We say f admits a series expansion if and

an = , neN.

(320)

only if there exists a power series g an(z — 20)", con-

n
vergent on D such that

= Sz 20)",

Definition 22.9. Let f : @ C C — C be a func-

tion with © an open set. We say f is analytic on

Q if and only if it admits locally a series expansion,

that is, if for every point zy € 2 there exists a disc
oo

|z — 20| < R. (321)

D(zp,8) and a power series Z an(z — 2z9)" such that

n=0
z) = Z an(z —20)",Vz € D.
n=0

Theorem 22.15. Let f(z

E an(z — 20)"

Then,

on

D(Z(),R) and wy € D(zp,Ro). the series

Z f(n) Zl

Ro — \zo — 21| and it satisfies

% p(n)(,
=y e e
n=0 ’

21)" has a radius of convergence Ry >

if |z — z1] < R—|20 — 21]-
(322)

Corollary 22.16. Let R be the radius of convergence
of the function

2) = Z an(z — 20)"
n=0

Then f has as Taylor polynomial of degree m around
zo the following one

(n)
Z an(z — 20)", (=)

Ay = ]
n:

mfzo

(323)

Proposition 22.17. Let @ #£ Q C C. Then,

1. FEvery connected component of (1 is a closed of )
with a subspace topology.

Two connected components are the same or are
disjoint.
FEvery connected of € is one and only one con-

nected component.

Q is the disjoint union of its connected compo-
nents.



Proposition 22.18. Some examples

1 o
= Y 2t zeDi(0) (324)
-z n=0
=2, :ecC (325)
n=0
sinz = i 2(_1): 7 2l zeC (326)
n=0 ( n+ )
oo _1 n
cosz = Z ((Zn;' , zeC (327)
n=0 :
In(1—2) = — % 2 € Di(0) (328)
n=0

23 Holomorphic functions

Definition 23.1. Let I = [a,b] C R be a closed inter-
val. We define a curve as an application of the form

v:I—C

t— 1 (8) + i (t) (329)

Definition 23.2. Let I = [a,b] C R be a closed in-
terval and D C C a domain. We define an arc as a
continuous application of the form

vy:I—D

t— 1 (0) + 7 (t) (330)

Equivalently, we can say an arc is a curve restricted to
some interval.

Definition 23.3. Let 7 : [a,b] — D be an arc. We
call v(a) and ~(b) the extremes of v. In particular, we
call y(a) the initial point and v(b) the final point.

Definition 23.4. Let 7 : [a,b] — D be an arc. We
define the route or graph of v as

v ={z€D|z=~(t),tel}. (331)
Definition 23.5. Let 7 : [a,b] — D be an arc. We
say 7 is closed if and only if y(a) = ~v(b).

Definition 23.6. Let v : [a,b] — D be an arc. We
say 7y is simple if and only if there is no two numbers
t1,t2 € (a,b) such that v(t1) = y(t2). We also call it a
Jordan curve, and if it is closed, a circuit.

Definition 23.7. Let 7 : [a,b] — D be an arc. We
say v is differentiable if for al value ¢y € [a,b] there
exists the limit

2() = 1(to)

2
— (332)

/ T
7'(to) = tlgglo
For tg = a or tg = b we consider the laterals limits from

the right and from the left respectively.

Definition 23.8. Let « : [a,b] — D be an arc. We
say 7 is of class C! if and only if 7/ exists and is con-
tinuous at [a, b].
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Definition 23.9. Let v : [a,b] — D be an arc. We
say v is reqular or smooth if and only if it is differen-
tiable and +" never vanishes.

Definition 23.10. Let 7 : [a,b] — D be an arc. We
say v is piece-wise of class C' if and only if v/ ex-
ists and is continuous in I except in a finite number of
points where ~ has lateral derivatives.

Definition 23.11. Let 7 : [a,b] — D be an arc. We
define the opposite arc as

—v:[-b,—a] — C

Es (1) (333)

Definition 23.12. Let v : [a,b)] — C be an arc.
We say I'(s),s € [¢,d] C R has been obtained from
~(t),t € [a,b] by a change of parametrization if and
only if the new parameter s and the original pa-
rameter ¢ are related by a relation ¢ = ¢(s), where
¢ : [e,d] — [a,b] is an homeomorphism that sat-
isfies T'(s) = v(o(s)) = (yo ¢)(s). We call T the
reparametrization of vy.

Definition 23.13. Let v, : [1 — Cand vy : [s — C
be two arcs. We say they are equivalent if and only
if there exists a bijective, monotone, and continuous
function p : Iy — I such that v = v 0p. If pis
an increasing function we say 1 and 2 have the same
orientation; otherwise, we say 1 and 2 have opposite
orientations.

Definition 23.14. Let ~vi[a,b] — C and 73
[e,d] — C be two arcs such that [a,b] N [c,d] = @.
We define the application 1 U v (sometimes denoted
by 71 +72) as

ifa<t<b
fb<t<bt+d—c
(334)
We say 71,72 can be joined/added or that there exists
its union/sum if and only ~;(b) = y2(x). In this case
Y1 4 72 is an arc, and we call it the sum arc of 1 plus
V2.
Definition 23.15. We define the segment of extremes
21,29 € C as the arc defined by the expression

[21,22] : [0,1] — C
t— (1 — t)Zl +t22.

g4t (t)a

(11 Ue)(t) = {720& “bto),

(335)

Definition 23.16. Let f : 2 C C — C be a function.
We say f is polygonal if and only if can be expressed
as a finite union of segments, that is, if there exist a
natural number n and points {2, ..., z,} such that

p=l20,21] U Ul[zpn_1, 2n] (336)

Definition 23.17. Let v : [a,b] — D be an arc
with a,b finite. We say v is a basic curve if and
only if v € C'((a,b)) N C([a,b]) and there exist
limy o+ 7/ (8), limy - 7/ (2).

Definition 23.18. A path is a function v : [a,b] — C
such that there exist basic curves ; : [aj,b;] — C,j €
{1,...,k} such that v = 41 + --- + 7% and therefore
7j(bj) = vj+1(ajr1) and a = a1,b = ay.



Definition 23.19. Let v : [a,b] — C be a continuous
curve and aq,...,a; € Rsuchthata =ag < --- <a; <

b = a;41. We say v is piece-wise differentiable if and
only if
l
yeC! U aj,a541) |,
vj e {o0,..

t~>a t%a]

Equivalently, we can think about a piece-wise differen-
tiable curve as a differentiable path.

Theorem 23.1. Let f: Q C C — C be an holomor-
phic function of class C1(Q) with Q an open set and
¢ : I — Q a basic curve. Then, ¥ = f o ¢ is a basic
curev (hence a derivable curve) and its real derivative
is

Y'(t) = f1(6(1)d (1)

Definition 23.20. Let 71,72 : [0,1] — C be two
curves. We say 71,72 are homotopic if and only if there

(337)

exists a continuous function h(t, s) : [0,1] x [0,1] — C
such that

1. h(t,0) =1 (¢),t € [0,1]

2. h(t,1) = v(t),t € [0,1]

3. h(0,s) = v1(0) = v2(0),s € [0,1]

4. h(1l,s) =71(1) = 2(1),s € [0,1].

Definition 23.21. Let 1,72 : [0,1] — C be two cir-
cuits. We say 1,72 are homotopic if and only if there
exists a continuous function h(t, s) : [0,1] x [0,1] — C
such that

1. h(t,0) =y (¢),t € [0,1].
2. h(t,1) = y(t),t € [0,1].
3. h(0,s) = h(1,s),s €[0,1].

Definition 23.22. Let f : [a,b] — C be a function
with the notation f = u+iv. We define the integral of

f as

b

/bf(t)dt :/bu(t)dtJri/v(t)dt.

a

(338)

Proposition 23.2. Let f,g : [a,b] — C be two inte-
grable functions and X\, i € C two numbers. Then,

b b b

/)\f+ugdt:)\/fdt+u/gdt.

a a a

(339)

Proposition 23.3. Let f : [a,b] — C be an integrable
function. Then,

b b

/f(t)dt §/|f(t)|dt.

a a

(340)

Definition 23.23. Let v : [a,b] — C be a curve of
class C*([a,b]) and f : Q C C — C a continuous func-
tion in I' € Q. Then, we define the line integral of f

over "Y as
b
/ f(2)dz = / fO@)Y @ de. (341)

L+ 133 hm ' (t)(except if j =1+ 1), lim Pltdisesetioif 23:4))-The previous definition is well de-

fined.

Proposition 23.5. If we use the notation f = u+ v
and v = x + iy, then the integral has the form
b

dy dzx dy
/f /u—JrvEdtJrz/vEJrudtdt

a

(342)

Definition 23.24. Let v : [a,b] — C be a curve of
class C1([a,b]) and f : Q@ C C — C a continuous func-
tion in I' € Q. Then, we define the line integral of f
over v with respect the differential of length as

/f dS*/f )ldz| = /f

Theorem 23.6. Let v : [a,b] — C be a curve of
class C'([a,b]), f,g: Q2 C C — C two functions, and
A i € C two numbers. Then,

/)\f—i—ugdz:)\/fdz—i—u/gdz.

Y Y Y

()| dt. (343)

(344)

Theorem 23.7. Let v1,7v2 be two equivalent curves of
the same orientation and of class C* on their respective
domains andf : Q@ C C — C a continuous function in
I'y,I's C Q. Then,

/f(z)dz:/f(z)dz

Proposition 23.8. Let v1,...,7v, be n curves of class
C' on their respective domains and f : Q C C — C
a continuous function in I'y,..., T,y C Q. If we define
Y=+ "+, then

/f(z)dz:il/f(z)dz

Proposition 23.9. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : Q@ C C — C a continuous
function in T' C Q. Then,

[ reraz| < [1f1as.

Corollary 23.10. Let v : [a,b] — C be a curve of
class C'([a,b]) and f : Q@ C C — C a continuous
function in T C Q. If |f(2)| < M for all z € T, then,

(345)

(346)
(347)

JECERES 0} (348)
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Proposition 23.11. Let v : [a,b] — C be a curve
of class C1([a,b]) and f : Q@ C C — C a continuous
function in T C Q. Then,

1 1
211 w—z

~

Ind(y, 2) (349)

Proposition 23.12. Let v : [a,b] — C be a curve
of class C([a,b]) and f : Q@ C C — C a continuous
function in T C Q. Then,

1 L(v)
Ind < .
[nd(y, 2)] < 27 |z =T

(350)

Proposition 23.13. Let v : [a,b] — C be a curve of
class C*([a,b]) and {fn},—, a sequence of continuous
functions on T such that Y -, f, converges uniformly
onT. Then, >, fv fndz converges and

/an(z)dz:gjfn(z)dz.

(351)
n=0

Definition 23.25. Let f : 2 C C — C be a function.
We say f has a primitive on Q) if and only if there exists
a function F' : Q@ C— C such that F’ = fVz € Q.

Definition 23.26. Let f : ) C C — C be a function.
We say f has a local primitive on D if and only if for all
z there exists a neigborhood where f has a primitive.

Theorem 23.14 (Fundamental theorem of complex
calculus). Let f : @ C C — C be a function with
a domain. Then, the line integral of f is independent
on the path on Q if and only if f has an holomorphic
primitive F such that F' = f on Q. In that case,

/ f(2)dz = F((0) — F(v(a)).  (352)

Theorem 23.15. Let f: Q C C — C be a continu-
ous function on a star domain S C Q). Then, f has an
holomorphic primitive F' on S if and only if

QZ F(z)dz =0

for all triangle N C Q).

(353)

Proposition 23.16. Let f: Q2 C C — C be an holo-
morphic function with no roots on a domain D C Q.
Then, there is a determination of the logarithm of f on
D if and only if f'/f has an holomorphic primitive on
D.

Proposition 23.17. Let K C C be a compact set.
Then,

1. If a € V., then the non-bounded component
of C\ K, then there exists a determination of
log(z — «) in a neighborhood of K.

2. If a,B belong to the same bounded component
of C\ K, then there exists a determination of

os(5)

in a neighborhood of K.

Theorem 23.18 (Green’s theorem). Let © C C be a
bounded domain with piece-wise reqular and positively
oriented boundary. Let F = (P,Q) be a vector field
with P,Q being differentiable functions on a neighbor-
hood of Q such that 9, P — 8,Q is continuous on .
Then,

/(F,ds>1:/de+Qdy:4/g§2—gzzdxdy.

o0 o
(354)

Theorem 23.19 (Cauchy’s integral theorem). Let Q
be a bounded domain with piece-wise reqular and pos-
itively oriented boundary and f : @ C C — C an
holomorphic function in a neighborhood of Q. Then,

aé £(2)dz = 0.

Corollary 23.20. Let f : Q C C — C be an holo-
morphic function in a domain D C Q. Then, f ha
local primitive on D. If D is a star domain, f has a
global holomorphic primitive.

(355)

Corollary 23.21. Let f : Q C C — C be an holo-
morphic function with no roots in a domain D C (.
Then, f has a local determination of the logarithm on
D. If D is a star domain, f has a global determination
of the logarithm.

Theorem 23.22 (Cauchy’s integral theorem for homo-
topic curves). Let f:Q C C — C be an holomorphic
function with Q a domain and 1,72 two homotopic
curves such that I'y,T's C Q. Then,

/f(z)dz:/f(z)dz.

Theorem 23.23 (Cauchy’s general integral theorem).
Let f:Q CC — C be a regular function on Q except
a finite numbers of points where f is continuous. If 7y
is a constant curve, then

%f(z)dz =0.

Theorem 23.24 (Morera’s theorem). Let f be a con-
tinuous function in a region . If

%f(z)dz =0

for all simple and closed curve v such that T' C ), then
f s analytic on ).

(356)

(357)

(358)

Theorem 23.25. Let f : QQ C C — C be a differ-
entiable function on a domain D. Then, f = u + iv
is holomorphic if and only if the field f = (u,—v) is
locally conservative and locally solenoidal.
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Definition 23.27. Let F : R® — R” be a differen-
tiable vector field on a domain D C R™. We say the
field is holomorphic if and only if is locally conservative
and locally solenoidal, that is, it satisfies

OF;, OF;
81‘]' n 6.131

) V’L,], :O, on D.

" OF,
divF = Z :
i—1 Oz;

(359)

Definition 23.28. Let @ : R® — R be a scalar field
two times differentiable on an open set 2 C R™. We
say the field is harmonic if and only if V2® = 0 on .

Theorem 23.26. Holomorphic vector fields are the
fields that are locally the gradient of an harmonic func-
tion. Holomorphic functions are the functions f that,
locally, satisfy f = O, + i®, with ® harmonic.

Definition 23.29. Let u be an harmonic real function
on a domain 2 C C. We say a differentiable function
4 on ) is the harmonic conjugate of u if and only if
di = d*u, that is, if the function f = u + i@ is holo-
morphic on €.

Theorem 23.27. Let u be an harmonic real func-
tion on a domain Q@ C C and f = Vu. Then, u is
has an harmonic conjugate on 2, u, if and only if f
has an holomorphic primitive F' on Q. In that case,
F=u+iu.

Proposition 23.28. Let u be an harmonic function
on a domain ). Then, it has an harmonic conjugate
if an only if the closed form d*u is exact on S, that is,
if fv d*u = 0 for all closed curve v such that T' C €,
condition that is is always locally completed. If Q is
a star domain, every harmonic function on £ has a
harmonic conjugate function on €.

24 Local properties of holomor-
phic functions

Lemma 24.1. Let a € C be a number and f =
1/|z — a|. Then, f is Lebesque-integrable on every sub-
set of C of finite measure.

Theorem 24.2 (Cauchy-Green formula). Let Q@ C C
be a bounded domain with piece-wise regular and pos-
itively oriented boundary, and f a differentiable func-

tion on a neighborhood of Q1 such that Of is continuous
on Q. Then, for all zy € Q,

1 flz) 1
ZO)_%/z—ZOdZ T

o0 Q

% dm(z). (360)
zZ— 20

I

Corollary 24.3 (Cauchy’s integral formula). Let 2 C
C be a bounded domain with piece-wise reqular and pos-
itively oriented boundary, and f an holomorphic func-
tion on a neighborhood of Q. Then,

_ 1 f(z)
B ZWi/szOdZ'

o0

f(20) (361)
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Corollary 24.4. Let f be a differentiable function
on C with compact support and Of continuous on C.

Then, B
1 [0f(=)
- / —— dm(z).

Q

Proposition 24.5. Let f: Q2 C C — C be an holo-
morphic function and v a piece-wise reqular and posi-
tively oriented curve such that T' C ). Then,

1 f(z)
2 | 2 — 2o
¥
Corollary 24.6. Let f: Q2 C C — C be an holomor-
phic function and vy, v2 two homotopic, piece-wise reg-
ular, and positively oriented curves such that I'y,I'y C

Q. Then,

f(z0) = (362)

dz.

Ind(v, 20)f (20) = (363)

z—z

1 f(2) 1
Fo) =55 ¢ o2 i
Y1 Y2

(364)

Theorem 24.7. Let f be an holomorphic function on
a disc D(zp,R). Then, there exists a power series

oo
g an(z — z0)" with radius of convergence greater or
n=0

e;ual to R such that
f(z)= Z an(z — 20)",Vz € D(z9, R). (365)
n=0

Theorem 24.8. Let f : Q@ C C — C be a function
with Q an open set. Then, f is holomorphic on Q if
and only if f is analytic on Q. More precisely, every
holomorphic function f on  is indefinitely holomor-
phic on Q, and for all zg € Q the Taylor expansion

0 p(n)(,
fey =S L) gy
n=0 '

- (366)

is valid on the greatest disc centered at zy and con-
tained on Q, which is D(zp,0(z0)), where 6(z9) =
inf{|zo — w|,w ¢ Q}.

n) o0
Theorem 24.9. The assignation f —> (f( !(0)>

n

is a bijection between the space of entire functions Zﬁ?i
the space formed by the sequences {ay},., such that
the series Y, anz" has an infinite radius of conver-
gence, that is, lim,_, .o |an\1/" =0.

Theorem 24.10 (Morera’s theorem). Let f : Q C
C — C be a function of class C(2) with Q an open
set. Then, f is holomorphic on Q2 if and only if

64 f(z)dz=0

for all triangle /\ C Q.

(367)

Theorem 24.11. Let f be a function continuous on
an open set Q and holomorphic on Q \ E, where E is
a finite collection of points and segments. Then, f is
holomorphic on 2.



Proposition 24.12. Let f be a function and Q a
bounded domain with piece-wise reqular and positively
oriented boundary. If f is holomorphic on a neighbor-

hood of Q, then
n! /
SRS (L S A P
21 (Z — 20

o0

F™ (z0) = (368)

Proposition 24.13. Let f: Q2 C C — C be an holo-
morphic function and 7y a piece-wise reqular and posi-
tively oriented curve such that T' C Q. Then,

f(2)

n! %
271 (Z_ZO

)n+1 dz.

Ind(, z0) f™ (20) = (369)

Lemma 24.14. let Q C C be a domain, f € H(Q) a
function, and zg € Q a number. Then, the following
statements are equivalent.

1. f™(z) =0 for allm € N.
2. f(2) =0 for all z in a neighborhood of z.
3. f is identically null on Q.

Definition 24.1. Let f : Q C C — C be a function
and zg a number. We say 2y is a zero of order n of f
if and only if f*)(z9) =0 for all 0 < k < n. We call k

the order of zy as a zero of f.

Proposition 24.15. The zeros of finite order of an
holomorphic function are isolated points.

Proposition 24.16. All the zeros of an non null an-
alytic function are isolated points and of finite order.

Definition 24.2. Let f : @ C C — C be an holo-
morphic function with 2 a domain. Then, we denote
the set of zeros of f as

Z(f) = {w € Q[ f(w) = 0}.

Theorem 24.17. Let f : 2 C C — C be an holomor-
phic function with Q a domain such that f 2 0. Then,
Z(f) CQ is a closed set without accumulation points.
In particular, Z(f) is a finite or countable set and and
on every compact of € there is a finite number of zeros

of f.

Theorem 24.18 (Principle of analytic continuation).
Let f,g be two holomorphic functions on a domain
Q C C. Then, f(z) = g(z) for all z € Q if and only if
they satisfy one of the following conditions.

(370)

1. There exists a point w € Q such that f™(w) =
g™ (w) for all n € N, that is, |f(z) —g(2)| =
o(|z —al™), if z— a, for alln € N.

2. There exists a set W C Q that contains an ac-
cumulation point on Q and f(z) = g(z) for all
ze W,

3. There exists an open set W C Q such that f(z) =
g(z) for all z € ¥.
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Theorem 24.19 (Schwarz reflection principle). Let
Q C C be a symmetric domain and f € H(Q) such
z

that f(x) € R for allz € QNR. Then, f(z) = f(2) for
all z € Q.

Theorem 24.20. FEvery analytic function f : R — C
is the restriction on R of an holomorphic function
F:Q CC — C defined in a symmetric domain 2,
that is, R C Q and f = F|.

Theorem 24.21. Let f,g be two analytic functions
on a domain Q C R%. Then, f(z,y) = g(x,y) for all
(z,y) € Q if and only if they satisfy one of the following
conditions.
1. There exists a point (xo,yo) € Q such that
anerf
oz oy™

anerg

(w0,0) = (w0, 90) (371)

- Oznoy™
for all n,m € N, that is, |f(z,y) —g(z,y)| =

o (Vw20 + (=), i (2:9) = (av.10)
for all m € N.

2. There exists an open set U such that f(z,y) =
g(x,y) fir all (z,y) € V.

Theorem 24.22 (Maximum modulus principle). Let
f:Q C C — C be an holomorphic function with €
a domain. If f is not constant, then |f| does not have
any local mazima on €.

Corollary 24.23. Let 2 C C be a bounded domaizz
and f an holomorphic function on a neighborhood of §2

or, more generally, f € C(Q) N H(Q). Let M be the
mazima of |f| on 0. Then, one has
If(2)] < M, for all z € Q. (372)

In other words, maxg |f| = maxaq |f].

Theorem 24.24 (Cauchy’s inequality). Let f : Q C
C — C be an holomorphic function on a neighborhood
of the disc D(zg, R) and |f(2)] < M for z € C(zp, R).
Then,
n n!

70 (o) < M (373)
Corollary 24.25. Let f : 2 C C — C be an holo-
morphic function with Q a domain such that |f(z)| <
M,z € Q. Then,

n!
d(z,Uc)"’

Theorem 24.26 (Liouville’s theorem). Let f be a
bounded entire function. Then, f is constant. Also,
a function u harmonic and bounded on C is constant.

‘f(")(z)‘ <M seUneN. (374)

Theorem 24.27 (Fundamental theorem of algebra).
Let P(<) = ap + a1z + -+ + anz™ be a polynomial of
degree n of complex coefficients and n > 1. Then, P
has ezxactly n roots ay, . ..,a, € C (some of which can
be counted with their multiplicity) and

n

P(z)=an H(z — ;).

i=1

(375)



25 Isolated singularities of holo-
morphic functions

Definition 25.1. We say f has an isolated singular-
ity at zg if and only if f is holomorphic on D} (z) for
some 7 € RT. We say the singularity is removable if
and only if f can be extended to an holomorphic func-
tion on D,.(2p).

Definition 25.2. Let f : 2 C C — C be an holomor-
phic function on a disc D}(zy). We say f has a pole of
order k at z¢ if and only if there exist o € C,k € N>,
such that f(z) o< a(z — 20)* when z — zp. We call k
the multiplicity of the pole or order of the pole.

Definition 25.3. Let f: Q C C — C be a function
with Q a domain. We say f is meromorphic on Q if
and only if there exists a set A C €, discrete and closed
on Q, such that f is defined and holomorphic on Q\ A
and has a pole on every point z € A.

Proposition 25.1. f has a pole of order k at zq if and
only if there exists an holomorphic function g(z) in a
neighborhood of zy such that g(z0) # 0 and

9()
(z— zo)k

f(z) = (376)

Proposition 25.2. Let f, g be two holomorphic func-
tions on a neighborhood of a point zy. Then,

1. If f has a zero of order p at zy, then 1/f has a
pole of order p at zg.

2. If f has a pole of order n at zy, then 1/f has a
zero of order n at zg.

8. If f has a zero of order n at zg and g has a pole
of order p, then fg has a pole of order p — n if
p—n >=0 and a zero of order n—p if p—n < 0.

Theorem 25.3. FEvery holomorphic function on an
annulus admits a Laurent expansion.

Proposition 25.4. Let f be an holomorphic function
on an annulus C(zg, Ra, R1). If f has an isolated sin-
gularity at zg, then its Laurent expansion is uniquely
determined by

= n 1 f(z)
z) = an(z — 20) ", Gy = — _ s\ Y1
f( ) n;oo ( 0) 2mi (Z — Zo)n
C(zo0,r)
(377)
where a,, is independent of r, r € (Ra, R1).
Definition 25.4. Let f € H(D>(z)) be an

holomorphic function with a Laurent expansion
oo

Z an(z — zo)n around zg. We define the residue
n=-—oo

of f at zy as

(378)
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Theorem 25.5. Let 2 C C be a bounded domain with
piece-wise regqular and positively oriented boundary. Let
W be an open set such that QcC U, X CVWU a closed set
formed by isolated points (the accumulation points of
X, if there are, must be in OV ) such that X NOQ = &,
and f an holomorphic function on the open set ¥\ X.

Then,
o / e S Res(f,w). (379)
weXN
Theorem 25.6. For a general curve,
5 / f(z)dz = ZInd v, z)Res(f,z).  (380)

Proposition 25.7. Let f: Q2 C C — C be an holo-
morphic function on a neighborhood of zy with zy a
pole. Then,

1. If z is a removable singularity, Res(f, zo) = 0.

2. If 2y is a simple singularity,

Res(f, z0) = ILm (z — 20) f(2). (381)
Z—20
3. If 2y is a singularity of order k,
R R S 4
es(f,20) = zljzlo MW[(Z —20)" f(2)].
(382)

4. If zg is an essential singularity, the residue a_1
must be obtained directly from the Laurent series.

Proposition 25.8. If f = g/h, with f,g holomorphic
in a neighborhood of zy, g(z0) # 0,h(z0) = 0,h/(20) #
0, then
9(20)
Res(f7 'ZO) h/( )
Proposition 25.9. Let f: Q2 C C — C be a mero-
morphic function in a neighborhood of zg € C. If we
denote f(z) = (z — 20)"g(z) with w € Z* (depending
on the sign zp can be a zero or a pole), then zo is a
single singularity of f'/f and Res(f'/f,z0) =
Proposition 25.10. Let f(z) = g(= ZO) be a function
with g(w) an entire function that admits an expansion
oo

w) = Z bw™

an essential singularity at zo and Res(f,z9) = ¢'(0) =

by.

T dz,

roposition 25.11. Let f be a function with a simple
pole at zy and g an holomorphic function in a neigh-
borhood of zy. Then, fg has a simple singularity at zg

and Res(fg, z0) = g(z0) Res(f, z0).

Definition 25.5. Let f : Q C C — C be a func-
tion. We say f is holomorphic at infinity if and only if
g(w) = f(1/w) is holomorphic at the origin.

Proposition 25.12. Let f: Q2 C C — C be an holo-
morphic function on D} (oo) Then,

/ e

(383)

. If g is not a polynomial, then f has

Res(f,0) = —a_1 = —— (384)
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Proposition 25.13. Let f be a meromorphic function
on the Riemann sphere. Then, [ is a rational function.
Besides, if X is the sent formed by the poles of F' and
the infinite point, then X is finite and

Proposition 25.19. Let g be a meromorphic function
in a neighborhood of = {z € C|Im{z} > 0} with a fi-
nite number of poles on ¥ = {z € C|Im{z} > 0} and a
finite number of simple poles on R. Iflim ;| f(2) =

Z Res(f,w) =0 < Res(f,00) = — Z Res(f, w).0, then the principal vaule of / f(z)e™ dx exists and
weX weX \{oo} —oo

(385)
Theorem 25.14. Let Q be a bounded domain with a P.V./ flz)e™ da = (391)
piece-wise reqular and positively oriented boundary. Let
U be an open set such that Q C ¥, f a meromorphic ioo
function on U and h an holomorphic function on V. 2mi Z Res(f(2)e"”, a) + i Z Res(f,B).  (392)

Let {a;} be the zeros of f on ¥ and n; the multiplici-
ties of a;, and let {b;} be the poles of f on U and m;
the multiplicities of b;. If there is no zeros or poles on

01, then

1 ') o N N
5 | M) 0 dz_a;ﬂh(a])nj > h(bj)m;.

b; eQ

(386)

Corollary 25.15. Let Q be a bounded domain with a
piece-wise reqular and positively oriented boundary and
f a meromorphic function on a neighborhood of Q that
does not have zeros or poles on OS). Let N the total
number of zeros of f on Q and P the total number

of poles on Q (counting multiplicities). If we denote
I' = f(09Q), then

1
[219)

Proposition 25.16. If P is a rational function,

TG
i 42 =N-P

(387)

27
1 1 1
P(cos 0, si =2 (P (= (z+=
/ (cosf,sin§) do WZR%(Z (2 <z+z>
0

| <1
(388)

Proposition 25.17. Let g be a meromorphic function
in a neighborhood of Q = {z € C|Im{z} > 0} with a
finite number of poles on ¥ = {z € C|Im{z} > 0}.

If Ifx) = o(zI™") or, in other words,
hIn|z\—>oo |2[[f(2)| = 0, then
/f(x)dx:27ri > Res(f(2),0).  (389)
oo Im{a}>0

Proposition 25.18. Let g be a meromorphic function
in a neighborhood of Q = {z € C|Im{z} > 0} with a
finite number of poles on ¥ = {z € C|Im{z} > 0}.
If lim|; 00 f(2) = 0, then the principal vaule of

/ f(z)e™ dx exists and

—00

P.V. / f(z)e™ dx = 2mi Z Res(f(2)e™,a). (390)

acV¥
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aew BER

Proposition 25.20. Let P = R/Q be a rational func-
tion such that deg QQ > deg P + 1 and without poles on
[0,00]). If a € (0,1),

P(x) .,  2mi P(z)
/ T dz = 1 — e2mia Z Res( Lo P

0 p€[0,00)

(393)

Proposition 25.21. If0 <1+ a <n €N, then

oo

x® s 1
= 4
/ 1+an de nsin[m(a + 1)/n) (394)
0

26 Homology

27

Theorem 27.1. Let f € H(Q),C1(Q) be a function.
If f =u+iv, then u,v are harmonic functions on Q.

(=)o)

Conforming representation

Harmonic functions

29 Riemann theorem

30 Runge theorem

31 Zeros of holomorphic func-

tions

Theorem 31.1 (Weierstrass Factorization Theorem).
content...

32 Fourier transform
Definition 32.1. Let f € L'(R) be a function and

¢ € R a number. We define the Fourier transform of f
at the point & as

f ‘—L x)e %% dg
f(ﬁ)-—m]gf() d.

(395)




Proposition 32.1. Let f € L'(R) be a function.
Then, the application

F{f}:R—C
E— f(6)

18 a well defined application.

(396)

Definition 32.2. Let {fn},cy € LP(R) and f €
LP(R) with 1 < p < co. We say the functions f,
converge to f with a norm |||, or converge in LP(R) if
and only if

i ||f — £, =0. (307)

Theorem 32.2. Let f € L'(R) be a function. Then,
the following statements are true.

1. The Fourier transform of [ satisfies

FUYL®,  IF{N} e < o=/,

(398)
2. F{f} is C linear, that is, for all o, € C and
f.g € L'(R),
Flaf +Bg} =aF{f} +BF{g}.  (399)
3. If g(z) = f(z), then for all ¢ € R
36 =1(-9 (400)

4. If g(x) = g(Ax) and X\ € R, then for all £ € R

Q(QZ&f(i)'

5. If g(x) = f(xz — a) with a € R, then for all§ € R

9(6) = e E f(€).

(401)

(402)

6. If g(x) = !9 f(x) with o € R, then for all £ € R

9(&) = f(§ —a) (403)

70 {fuben € L'R), f € LY(R) and fu — f
in L*(R) when n — oo, then F{f,} — F{f}
uniformly in R.

8. The Fourier transform Z{f} is a continuous
function in R, F{f} € C(R).

Proposition 32.3. Let f € LY(R) be a function
such that there exists its derivative f' € L*(R) and
lim|y| o0 [f(2)] = 0. Then,

(€)= i€f(€).

Corollary 32.4. Let f € LY(R) be a function such
that there exists its n-th derivative f € L*(R) and

(404)

F(©) = (i) f(©). (405)
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Definition 32.3. Let f: I C R — C be a function.
We define the support of f as

supp f = {z € I'| f(z) # 0}.
Definition 32.4. We define the set 2(R) as

(406)

2(R) == {¢ € C>°(R) | supp ¢ compact} C L'(R).
(407)

Theorem 32.5. Let f € L'(R) be a function. Then,
there exists a sequence of functions ¢c 2(R) such that

lim /\f—¢n|dx:0,
h—o0
R

that is, we have convergence of ¢, to f with norm ||-||;.

Proposition 32.6. Let f € LY(R) be a function.
Then, f € C(R).

Proposition 32.7. Let f € LY(R) be a function.
Then, | ()] < I/l

Theorem 32.8. Let f € L'(R) be a function. Then,

(408)

lim f(z)=0.

|z]|— o0

(409)

Theorem 32.9. The application Fourier transform
goes from L*(R) to Co(R), that is, F{f} : L}(R) —
Co(R).

Definition 32.5. We define the Schwartz space as

SR)={f:R—C|feC®R)AYn,m € N3¢, < 0

such that (1 + |z))™ - |D" f(z)| < ¢nm, Vo € R}.

Proposition 32.10. Let f,g € S(R) be two functions,
A € C a number, and P : R — C a polynomial of com-
plex coefficients. Then,

1. f+g€SR).
2. \f € S(R).
3. fg e S(R).
4. Pf e S(R).

Theorem 32.11. Let I,J C R be two intervals with 1
compact and J open. Let f : I x J — R be a function
such that

1. f(-,A) is Riemann-integrable in I for all X € J,
2. f(x,-) is derivable in J for all x € I.
If O\ f is continuous in I x J, then

1. Onf(-, A) is Riemann-integrable for all X € J.
2. F(\) = /f(ac, A) dz is derivable with continuous

T
derivative in J for all A € J and it satisfies the
rule of derivation over the integral sign.

F’()\):%/f(x,)\o)dxz/%(:ﬂ,)\o)dx,V)\oeJ
T T

(410)



Proposition 32.12. Let f € S(R).
1. S(R) C L}(R).

2. 2f(§) = (iD¢f)(€) for all § € R,
Corollary 32.13. Let f € s(R). Then,

anf(€) = (i"D" f)(€),¥n € N.

Proposition 32.14. The Fourier transform F re-
stricted to S(R) is an automorphism, that is, if f €
S(R) then Z{f} = f € S(R).

Lemma 32.15. IfG(z) = ¢=%" /2, then G(&) = e=€/2.
We observe hence that G is a ﬁxed point of F

Lemma 32.16. If f,g € S(R

R/ F(£)3(€) de = / i

Lemma 32.17. Let f,g € S(R) and A € R. Then,

Then,

(411)

, then

(412)

1. g(\x)f(x) converges to g(0)f(z) uniformly in R
when A\ — oo.

2. f(Ax)g(x) converges to f(0)g(x) uniformly in R
when A — oo.

Lemma 32.18. Let f,g € s(R). Then,

10) [ 9 a€ = 900) [ Feyae
R R
Lemma 32.19. Let f € s(R) be a function. Then,
1
V21 /
R

Corollary 32.20 (Inversion formula). Let f € S(R).
Then

(413)

(414)

flz) = J%? /f(g)e“ﬁg d¢ vz € R. (415)
R
Theorem 32.21 (Inversion of .# in S(R)). Let F :

S(R) — S(R), defined by F{f} = f with f € s(R).

Then, F is an linear isomorphism in the vector space

S(R) and F* = Id. In particular, ' = F3 and if
f e SM), then
@) = <= R/ FUHG e = —— R/ ferede.

(416)
In fact, F is an homemorphism (its inverse is con-
tinuous) if we consider S(R) as the metric space

(SR [[-ll,m)-

Theorem 32.22 (Inversion of .% for discontinuities).
Let f be a absolutely Riemann-integrable function in R
with f and [’ piece-wise continuous. Then,

fla™)+ flat) 1 ; izt
3 —\/ﬂR/fe d€.

(417)
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Definition 32.6. Let f be a Riemann-integrable func-
tion in R. We define the Fourier transform of cosine

kind as
x)de = \/E/cos(@;)fe(x) dz
0

(418)

and the Fourier transform of sine kind as

)dz = \/E]osin(éx)fo(fﬂ) dz

(419)

o0

~ 1 :
fs(&) = E / sin(&x) f (x

— 0o

Proposition 32.23. Let fc,fs be the Fourier trans-
form of cosine and sine kinds of f. Then, f.(§) is

even, fo(€) is odd, and f(€) = fe(€) —ifs(€).

Theorem 32.24. Let f be a absolutely Riemann-
integrable function in R with f and f' piece-wise con-
tinuous. Then,

fela™) + fe(z™

%) - \/E/fc cos(§x)dg,  (420)
\/>/f5 sin(&x) d

Theorem 32.25 (Tonelli’s Theorem). Let f : I x
J — R? two functions with I,J C R such that
flx,y) >0 for all (z,y) € I x J. Then,

/fdxdy—//fmydydx—//fxydxdy

IxJ
(422)
Besides, if these integrals are finite, then f € L'(R).

fox™) + fo(a™) +fo

(421)

Corollary 32.26. Let f,g € L*(R).
f(t)g(z —t) € LY(R?).

Definition 32.7. Let f,g € L'(R) two function. We
define the convolution of f and g as

Then, F(x,t) =

(fxg):R—C

e [ fOglz —tydar  (423)
/

which is from L!'(R).

Proposition 32.27. Let f,g € L'(R) be two func-
tions. Then f* g = \/27ng.

Proposition 32.28. Let f € LY(R) be a function and
g = f2. Then,

1 . - 1 A
mf*f:%R/f(t)f(f_t)dt

Theorem 32.29. Let f € LP(R),1 < p < 400 and
¢ € S(R). Then, f*¢ € C(R).

9(&) = (424)



Theorem 32.30. Let f € LP(R),1 < p < +oo with
supp f compact and ¢ € D(R). Then, f x ¢ € D(R)
and supp {f * ¢} C supp f + supp ¢.

Definition 32.8. We say the functions ¢. : R — R

continuous in a compact support are an approrimation
of the unity if and only if

1. ¢ > 0 for all e.
2. /gbe(x) dz = 1.
R

3. For all § > 0 it is satisfied that

lim ¢ sup ¢.(t) p = 0.
e—0 |t|>5

Theorem 32.31. Let f : R — R be a continuous
function with compact support {¢.} approzimation of

the unity. Then, when € — 0 f*x¢. converges uniformly
inR to f.

Corollary 32.32. Let f : R — C be a continuous
function with compact support {¢.} approrimation of

the unity. Then, when € — 0 fx¢. converges uniformly
in R to f.

(425)

Theorem 32.33 (Weierstrass polynomial approxima-
tion). Let f : [a,b] — R be a continuous function.
Then, there exist polynomials P, with n € N such that
P,, converge uniformly to f in [a,b].

Theorem 32.34. Let f € LP(R) be a function. Then,
there exists a sequence of function f, € D(R) of the
form f, — f with norm |-, (that is, convergence in

L?), and if f € C*(R) with k > 0, then

T p— (426)

with || f|lor @)y = maxo<i<k (sup,er |D'f(2)|) being a
norm.

Lemma 32.35. Let f € L*(R) be a function such that

for all ¢ € S(R) it is satisfied that /f(x)(b(x) dz = 0.
R

Then, f =0.

Corollary 32.36. The Fourier transform F is injec-

tive since F{f} = f =0« f =0 in L*(R) (the zero

function class) and F is a linear application.

Theorem 32.37 (Inversion theorem in L'(R)). Let

f € LY(R) be a function such that f € L*(R). Then,

1 R T
flz) = mﬂzf(g)e Sd¢, vz e R. (427)

33 Fourier transform 2

Theorem 33.1 (Parseval formula). Let f,g € S(R) C
L?(R) be two functions. Then,

/ f@ade = [ f©OF©de.  (428)

Theorem 33.2 (Plancherel Theorem). Let f €
S(R) C L3(R) be a function. Then,

[1s@rar= [| 7o) a.
R R

(429)

that is, ||fll, = HJH‘ and F is an isometry between
vector spaces.

Definition 33.1. Let f € S(R) be a function. We
define the following quantities

E(f) = / (@) de, (430)
R

o(f)? = / o ()2 e (431)
R

Theorem 33.3. Let f € S(R) be a function. Then,

o(etf) = 2D (132)
34 Multidimensional fourier
transform

Theorem 34.1. For several variables

F{f (@1, @)} = (27‘_1)n/2 / T / flxy,... ,l‘n)e_i(11§1+-~'+rn§
o (433)
or simpler,
FLF(x)} = — e i€ 4z 434
FU} = // F(x)e N
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