1 Motion in one dimension

Proposition 1.1. Let .... Then, it is true that

Fe' = mad + (0 — @)
or which is equivalent,

—

Fert { it =

2 Oscillations

Proposition 2.1. Let be the following differential
equation

3)

To and

jierg:z::O,

with the initial value condition of x(0)
v(0) = vg. Then, the general solution is

(4)

_ vy .
x(t) = xo cos wot + o sin wot,
0

or, which is equivalent,

x(t) = Acos [wot + ¢ol, A=\|a3

Definition 2.1. Let U(x) be a potential function of
class C?(R). Then, we say xq is a point of stable equi-
librium if U has a maxima in xg.

Definition 2.2. Let U(x) be a potential function of
class C2(R). Then, we say xq is a point of unstable
equilibrium if U has a minima in x.

Proposition 2.2. Let be the following differential

equation
&+ 287+ wiz =0,

(6)

To and

with the initial value conditions of z(0)
v(0) = vg. Then, the general solution is

z(t) = e Pt |z cos vt + M sind;t] ; Q=
(7)
Zfﬂ < wo,
a(t) = e [z + (wowo + vo)t] (8)
Zfﬁ = Wo, and
z(t) = Mg(ﬂw)qwf(ﬁm)t
200 20

9)

if B> wo.
Definition 2.3. Amplitude as a function of time.
A(t) = Ae™P! (10)

Definition 2.4. The quality factor @ is defined as

Q=153

25 (11)

Proposition 2.3. Let be the following differential
equation

&+ 282 4 wix = f(t) = focos [wt + o), (12)
with the initial value conditions of x(0) = xo and
v(0) = vg. Then, the particular solution is
_ _ Jo
xp(t) = Acos|wt + o — ¢ol, A= ,
\/(wg — w?)® 445202
(13)
3 Central forces
Definition 3.1. Central force
F(7) = f(r)é, (14)

Definition 3.2. The origin ¥ = 0 is the center of

forces.

Proposition3.1. All central forces are conservatives.
= —arctan .

Wo
Propositior{) 4.2, The angular momentum with re-
spect the origin is conserved.

L=0 (15)
Proposition 3.3. The areal velocity is constant.
dA L
= = ctt 16
dt 2m ¢ (16)

Theorem 3.4 (Bertrand’s Theorem). The only cen-
tral potentials where every bounded orbit is closed are:

k>0 (17)

5 Definition 3.3. The pericenter is the minimum value
VWO&g%y

Definition 3.4. The apocenter is the maximum value
of r(6).

Definition 3.5. Apsides are the turning points.
Definition 3.6. Latus rectum

) @:\/62_“]3[;[//

Q 5

= =r(n/2) =ed (18)

Law 1. Planets mowve in elliptical orbits about the Sun
with the Sun at one focus.

Law 2. The area per unit time swept out by a radius
vector from the Sun to a planet is constant.

Law 3. The square of a planet’s period is proportional
to the cube of the major axis of the planet’s orbit.



4 Coupled oscillations 1
5 Coupled oscillations 2
6 Rotations
7

Dynamics of rigid body

Proposition 7.1. The vector 2 is independent on the
origin of the system S.

Proposition 7.2. The energy of the rigid body is an
invariant scalar under change of basis.

8 Special relativity

Theorem 8.1. If Mazwell’s equations

(V.B), =L, (19)
0
(V,B), =0, (20)
OB
V XE= TR (21)
V XB=pu (J—i—eoa;j). (22)

are invariant under Galileo transformations, then E =

B=0.

Definition 8.1 (Reference system). We define a ref-
erence system S as a set of three axis and one origin
over which we have determined an orientation. We will
suppose we have selected a unit of length and that in
each point a in the immobile space with respect the
axis there is a clock ¢, such that the clocks g, and g
corresponding to two different points a and b immobile
with respect these axis are synchronized

Definition 8.2. Let S and S’ two reference systems.
We say S’ is moving in a uniform straight motion if
and only if there exists a vector v € R? such that ev-
ery particle a immobile with respect to S’ moves in
each instant ¢ of the time of S to the point of coor-
dinates (a'(t),a?(t),a®(t)) with respect the axis of S,
such that da’ /dt = v® for i = 1,2,3

Definition 8.3. Let S, S’ two reference systems. We
say they are equivalent if and only if they are immo-
bile one with respect the other and use the same unit
of length and scale of time, or satisfy the following con-
ditions

1. Each one of them is moving with respect to the
other with a uniform line motion with v # 0.

2. Two events occur in an immobile point with re-
spect to s are seen from S’ with the same tempo-
ral order as that seen from S. The same happens
exchanging the roles of S and S’.

3. We make the following experiment: from S’ two
events are observed in an immobile point a with

respect to S and separated by an interval of
temps of S of length 1. Since S is moving with
respect to S’, these events will be seen in two dif-
ferent positions from S’. From S’ it is measured
the distance between these two points. The con-
dition we are enunciating is the result is the same
exchanging the roles of S and 5.

Axiom 1 (Relativity principle). There exists a privi-
leged class of reference systems, each one called inertial
system, that satisfies 4 properties

1. If S is inertial, it is inertial every other system
S’ immobile with respect to S obtained from S by
a displacement (in a mathematical sense) of the
axis and a change of origin of time.

2. If S is inertial, and P is a point that moves with
respect to S in a uniform line motion and veloc-
ity v, there exists a reference system that has P
as the origin.

3. Two inertial systems S and S’ are always equiv-
alent.

4. The observers that travel in any inertial reference
system can state the physical laws in the same
way, independently of the system where we are
working.

Axiom 2 (Invariance of light velocity). Let S be a
reference system Then,

1. If an immobile observer with respect to an inertial
reference system S contemplates the propagation
of light in the vacuum emitted by any focus, the
observer will see it propagates with a uniform line
motion.

2. The speed of such ray of light is constant, inde-
pendent on the inertial reference system S. We
denote by c this speed.

Lemma 8.2. Let f : R* — R* be a Lorentz trans-
formation. Then, f transforms lines that are not con-
tained in hyperplanes of the form t = ctt to lines that
are not contained in hyperplanes of the form t' = ctt.

Lemma 8.3. Let f : R* — R* be a Lorentz transfor-
mation. Let f : R* — R* be a Lorentz transforma-
tion. Then, f transforms planes that are not contained
in hyperplanes of the form t = ctt to planes that are
not contained in hyperplanes of the form t' = ctt.

Lemma 8.4. Let f: R* — R* be a Lorentz transfor-
mation. Then, f transforms hyperplanes that are not
of the form t = ctt to hyperplanes that are not of the
form t' = ctt.

Theorem 8.5. Let f : R* — R* be a Lorentz trans-
formation. Then, f is an affine transformation.

Corollary 8.6. Let f : R* — R* be a Lorentz trans-
formation and H an hyperplane of the form t = ctt.
Then, f(H) is an hyperplane of the form t' = ctt.



Theorem 8.7. Let S, S’ be two inertial reference sys-
tems. We can make orthogonal changes (isometries) of
axis to S and S’ and a change of origin of time such
thate the Lorentz transformation has the form of the
equation ?7.

Lemma 8.8. Let f : R* — R* be a Lorentz trans-
formation and r C R* a line with a timelike direction
vector. Then, f transforms r to a line with a timelike
direction vector.

Definition 8.4. Let 7 C R* be a plane (hyperplane).
We say it is admissible if and only if it has the form
a+ H with H being a subspace of dimension 2 (3) that
admits a basis of vectors of C'T.

Lemma 8.9. Let f : R* — R* be a Lorentz trans-
formation and V' and admissible plane (hyperplane).
Then, f(V) is an admissible plane (hyperplane).

Theorem 8.10. Let f : R* — R?* be a Lorentz trans-
formation. Then, [ is an affine transformation.

Theorem 8.11. (Lorenz transformation) Let S, S’ be
two reference systems with the same origin such that
S’ moves with a constant velocity v = ve,. Then,

vy =8 0
, = vV __ AV DU _ _’Yﬁ Yy 0
Py = AP, & Pl = APt A= 0 01
0 0 0

(23)

Definition 8.5. A Lorentz space is an orthogonal ge-
ometry (L, (,)) with Sylvester invariants 7o = 0 and
r_ =1.

Definition 8.6. Let R € L be a vector. We define is

norm as
IR, =/ [(R,R),, [

Proposition 8.12. Let R € L be a vector and a € R
a scalar. Then, ||aR|,, = |a|||R]l,,-

(24)

Definition 8.7. Let R € L be a vector different from
0y.

1. We say R is timelike if and only if (R,R) < 0.

m

2. We say R is spacelike if and only if (R,R),, > 0.
3. We say R is lightlike if and only if (R,R),, = 0.
Definition 8.8. Let W C L be a subspace.

1. We say W is timelike if and only if (W, (,)) is a
Lorentz space.

2. We say W is spacelike if and only if (W, (,)) is an
Euclidean space.

3. We say W is lightlike if and only if (W, (,)) is

singular.

Proposition 8.13. Fvery subspace W of L is either
timelike, spacelike, or lightlike. Besides,

1. S is timelike < W+ is spacelike.

o o o

2. S is spacelike < W is timelike.
3. W is lightlike < W is lightlike.

Proposition 8.14. Two orthogonal vectors different
from zero and mon spacelike are necessarily lightlike
and collinear. In particular, there is not a subspace
of dimension 2 where (,) is null.

Corollary 8.15. Let W C L be a subspace of dimen-
sion 2. Then, the following statements are equivalent.

1. W is timelike.

2. W contains two lightlike vectors that are linearly
independent.

3. W contains a timelike vector.

Corollary 8.16. Let W C L be a subspace. Then, the
following statements are equivalent.

1. W is lightlike.

2. W contains lightlike vectors and no timelike vec-
tors.

3. If we add the vector Oy, to the set of isotrop vec-
tors of W, we get a one dimensional subspace.

roposition 8.17. Let R;,Ry € T be two timelike
ectors. Then, the following statements are true.

1 |[(Ry,Ra),,| > [|Ra|l,,[IR2]l,,, and the equality is
equivalent to both vectors being collinear.

2. Ry, Ry are in the same time cone (Cy or C_) if
and only if (R1,Ra),, < 0. In this case,

(a) There is a unique ¢ € R such that

<R17 R2>m

COSh =
7T TRl IR,

(25)

We call this ¢ the hyperbolic angle.
(b) Rl + [R2ll, < [IR1 +Rall,,-

Definition 8.9. As a model of space-time, we consider
the affine space M = R* over the Lorenz vector space
L.

Definition 8.10. We define and event as a point that
has location in M.

Definition 8.11. Let P € M be an event and Cy,C_
be the past an future cones. Then, we define the future
cone of P and the past cone of P as the sets P 4+ Cy
and P+ C_.

Proposition 8.18. The Lorentz-Minkowski metric
(using the proper orthonormal basis) can be expressed
by the bilinear form n

-1 0 0 O
0 1 0O
0 010 (26)
0 0 0 1



Proposition 8.19. The transformation in M = R*
(using the proper orthonormal basis) can be expressed
by the matriz A

v =B 0 0

-8 00
o 0 10 (27)
0 0 0 1

Proposition 8.20. The Lorenz-Minkowski metric s
invariant under Lorentz transformations.

Corollary 8.21. The norm of the wvector of the
Minkowski space are independent on the inertial ref-
erence system.

Definition 8.12. Let p be a particle moving along a
curve I' C R* with a parametrization y(t) : I — T of
class C%(I) and a tangent vector v € C'F in an inertial
reference system S. We define the 4-position vector as

X = (ct,x,y, 2). (28)

Definition 8.13. Let p be a particle moving along
a curve I' C R?* with a piece-wise differentiable
parametrization y(t) : I — I' and tangent vector
u € CT in an inertial reference system S. We define
the space-time interval as

As? = ~AR'MAR = —(AR,AR), = —(AR/,AR’), ,
(29)

or as a differential form,

ds? := da' 1, dz¥ = 2 dt* — (dr,dr),. (30)
Axiom 3. Let p be a particle moving along a curve
I' C R* with a piece-wise differentiable parametriza-
tion ¥(t) : I — T and tangent vector w € C* in an
inertial reference system S. If the motion starts at an
event A and ends at an event B, then the time interval
observed by a system S’ that moves along p is given by

tp
1 1
7:7/ —dx“nwdx”:/—dt@ch:ds.
c v(t)
I ta
(31)

Definition 8.14. Let p be a particle moving along
a curve I' C R* with a piece-wise differentiable
parametrization y(¢) : I — T and tangent vector
u € CT in an inertial reference system S. We define
the proper time of p as

1 1

dr == -ds=—dt. (32)

¢ Y

Proposition 8.22. Let S,S’ be two inertial reference

systems such that the velocity of S’ is w = we, with
respect to S. Then,

7_)1/ - 7(03 —w 1)2/ - i vS2 ,03/ - 1
i 1- ﬁvﬁw i Yw 1- ﬂvﬁw s
(33)

Yo 1= B’

Proposition 8.23. If the system has a general velocity
w, then

V/_; |:V_W+]' Yw <V W> W:|
1- <ﬁv7ﬁ2>[ Yw 21+, >N )
(34)
1 / Yo ]
V=13 80 |5 TVt 2 w, w) v|.
1+<ﬂv/,ﬂw>1 |:’Yw C21+7w< >I
(35)

Definition 8.15. Let p be a particle moving along a
curve I' C R* with a parametrization v(t) : [ — T of
class C?%(I) and a tangent vector u € C* in an inertial
reference system S. We define the 4-velocity as

dX

U=—

—. (36)

Proposition 8.24. Let p be a particle moving along a
curve I C R* with a 4-velocity U. Then,

_ 2
mic'

U= (’Vca ’YV)’ _<U7 U> (37)

Definition 8.16. Let p be a particle moving along a
curve I' C R* with a parametrization y(t) : I — T of
class C%(I) and a tangent vector v € C'F in an inertial
reference system S. We define the 4-acceleration as

AU aX

S T4 (38)

Proposition 8.25. Let p be a particle of velocity U
and acceleration A. Then, (A,U) = 0.

Definition 8.17. Let p be a particle of mass m mov-
ing along a curve I' C R* with a parametrization
() : I — T of class C?(I) and a tangent vector
u € CT in an inertial reference system S. We define
the 4-momentum as

P = mU. (39)

Proposition 8.26. Let p be a particle of 4-momentum
P. Then,

P = (E/c,p) = (yme,ymv). (40)

Theorem 8.27.
E? = p* + m*ch. (41)

Proposition 8.28. There are three possible cases: sta-
tionary particle with mass, moving particle with mass,
particle with no mass.

E =mdc?, E? = m2c* + ||p||*e, E =pc (42)

Theorem 8.29. (Work-Energy theorem,)

W = AE. (43)

Theorem 8.30. Let p be a particle of wvelocity v.
Then, the kinetic energy is obtained by the expression

3
US

7= [ (F.dr), = (400) - Dme”

r

(44)



Theorem 8.31 (Compton scattering).

h
AN = —(1 — cos®). 45
(1~ cos) (15)
Theorem 8.32 (Center of momentum). Let be a sys-
tem of particles p1, . .., p, with energies Fn, ..., E, and
momentum p1,...,Pn. Lhen, the center of momentum
system has a velocity determined by the expression

1 & 2 o
Voo = L ;:1 [Pl "c”. (46)
Definition 8.18. The relativistic 4-force
dP dp
= — f=—. 47
dr’ dt (47)

Proposition 8.33. Let p be a particle of mass m mov-
ing along a curve I C R* with a velocity v and accel-
eration a. Then,

dF d d
<f7v>]:E:m73<vaa>I7 d—i):m’ya—&-md—Zv,
(48)
v dFE my? 4

(v,a);, my*a+ m%(v,a}IV

(49)

I ) =
()=
Proposition 8.34. Let p be a particle of mass m mov-

ing along a curve I' C R* with a velocity v and accel-
eration a. Then,

1. Iff || v, then

f=m~3a, my? == longitudinal mass. (50)

2. Iff L v, then

f = m~a, mry = transverse mass.  (51)
Theorem 8.35. Let p be a particle of mass m with
vg = X9 = tg = 0 on which a constant force F' acts. If

we denote ag = v>a = F/m (which is constant), then

2 2t2 t
e Y I (3 R L —
ao ¢ V1+a3t?/c?
(52)
and in the limit cases,
2
t—oo:v(t)mcx(t)~ct— —, (53)
Qo
apt < c:v(t) = apt, z(t) ~ %OtQ. (54)

Theorem 8.36. Let p be a particle of mass m on which
a potential of the form U = k/r acts. If k < 0 and
xo = —k/mc? ty = 0, then

k
E=~mc* + = =0, w?z? + 0% =2, (55)
X
& ™ X0
= T=_-— 56
“ zo’ 2 ¢’ (56)
x(t) = zocoswt,  v(t) = —csinwt,  (57)

while n  classical formalism the period would be
ﬁ%’ < Trel, which is normal since in the classical
framework the mass can have an infinite velocity while

in the relativistic one is bounded by c.

Theorem 8.37. Let p be a particle of mass m on which
a potential of the form U = k/r acts. If k < 0 and

xo = —k/mc?,tg = 0, then with respect to the particle
reference,
dr 1 T 1 .
— = — =coswt = —, 7= [ vdt = —sinwt,
dt  ~ x w
(58)
2 2 2 2 y _ Lo L T
=xf — T =—, — = 59
T x5 — T, - o T (59)

Theorem 8.38. Let p be a particle of mass m on which
a potential of the form U = k/r acts. If k <0, then

k
FJ_V, 7m622:_7;
T 2
aeTo_ 2 1 pom?
U y+1 2 ¥

Theorem?8.39. Let p be a particle of mass m on which
a petentigh Wﬁﬁ)@furm U=k/r acts. If k > 0, then it
is not possible falling to the origin, and if k < 0, then
>:7iis possible if Le < k (in this case p, — 00).

heorem 8.40. Let p be a particle of mass m on which
a potential of the form U = k/r acts. If k > 0, then
it is always possible to escape to the infinity is always
possible, and if k < 0, it is possible if E > mc?.

Theorem 8.41. Let p be a particle of mass m on which
a potential of the form U = k/r acts. Then,

. k )
L = ymr?6 = ctt, E =~ymc? + = = ctt, p = ym(re, + rfe
r

(60)
i( mi) — L _k &1 +1 _ymk
a’ ymrd 2’ dez \ r r L2’
(61)

42 /1 o1 kE ., k2
w\;) T = e e (2

Proposition 8.42. Let p be a particle of mass m on
which a potential of the form U = k/r acts. If the
variation of v is negligible, then o < 1.

Proposition 8.43. Let p be a particle of mass m on
which a potential of the form U = k/r (with k < 0)
acts. If a®> <, E < mc?, and E > 0, then the trajec-
tory of p is bounded.

Theorem 8.44. Let p be a particle of mass m on which
a potential of the form U = k/r (with k < 0) acts. If
a? <1, E < me?, and E > mc®V1 — a2, then the
trajectory of p is determined by the expression

1— 2
r= ao(l=¢’) : (63)
1+ ecos(\/l — a20)
1 FE m2ct 1\/ ) m2ct
a—k|:1— E2:|,€—a 1+(a_1) E27
(64)

which is an ellipse with a precession 2w(1/v/1 — a?—1)
per revolution (and wa? if o® < 1).



Theorem 8.45. Let p be a particle of mass m on which
a potential of the form U = k/r (with k < 0) acts. If

p has a closed bounded trajectory, then the average of
d([‘,p)l —

3 0 on an interval of nT.

Proposition 8.46. Let p be a particle of mass m on
which a potential of the form U = k/r (with k < 0)
acts. If p has a closed bounded trajectory, then

1
E = <>m02.
Y

9 Generalized coordinates

(65)

Definition 9.1. Let S be a system of particles
P1,---,Pn With masses mq,--- ,m,. Then, we say the
system has non stationary holonomic constraints or
rheonomic constraints if and only if there is a function
f: R x R — RF such that

f(ry,...,ry,t) =0. (66)
Definition 9.2. Let S be a system of particles
P1y- -, Pn With masses mq,---,m,. Then, we say the
system has stationary holonomic constraints or scle-
ronomic constraints if and only if there is a function
f : R3" — R* such that

f(ry,...,ry) =0. (67)
Definition 9.3. Let S be a system of n particles. We
say the system is free if and only if there is no con-
straints.

Definition 9.4. Let S be a system of n particles and
an holonomic constraint f = 0, where f is a differen-
tiable function. Then, we define the system positions
manifold as the manifold M determined by the con-
straint.

Definition 9.5. Let S be a system of n particles and
M be the system positions manifold of dimension r.
We define the set of possible velocities at the instant t
as the set V' that contains x, where x € M.

Proposition 9.1. Let S be a system of n particles with
a constraint £ : R3™ x R — R* and V the set of possi-
ble velocities at an instant t. If X = (vq,...,v,), then

Z ’Lf]?vl afj:()vjzla

i=1

k. (68)

Definition 9.6. A wvirtual displacement 6y : I —
TM corresponding to the variation I' assigns to every
t € I the tangent vector

dI'(t, e
5’}/ = (61‘1 gy 61'2) = C(l ) S Rn{(t)M (69)
€ e=0
Proposition 9.2. If v, § dv € P(M), then
dy d
§— = — 7.
a —at”’ (70)

Proposition 9.3. Let S be a system of n particles with
a constraint £ : R3 x R — R* and TyyM be the set
of infinitessimal virtual displacements. Then,

>

=1

Vifj o), =0, j=1,...k (71)

Proposition 9.4. Let S be a system of n particles
with a stationary constraint £ : R — R*. Then,
dr; =96r;, i=1,...,n

Definition 9.7. Let S be a system of n particles.
Then, we define the constraint force ¢, over the particle
p; as

F;.

¢i = m;a; — (72)

Proposition 9.5. Let S be a system of n particles.
Then, there exists a constraint f if and only if there
exists a constraint force ¢ # 0.

Theorem 9.6 (D’Alembert’s principle). Let S be a
system of particles. Then,
n
Z —ma;,or;); =0, Vr;. (73)
=1

Corollary 9.7. Let S be a system of particles in equi-
librium. Then,

Z <Fi,5ri>l = 0, V(SI’i .

i=1

(74)

Definition 9.8. Let M be the system positions mani-
fold of dimension r of a system S. Then, we define the
generalized coordinates qi,...,q, as a set of indepen-
dent variables such that x(q1,...,q,) € M.

Definition 9.9. Generalized force

- 81‘1'
=Y (Fugt)

i=1

(75)
Proposition 9.8. Let S be a system of particles Then,

d
oW =3 Q;0q;. (76)
j=1
Corollary 9.9. Let S be a system of particles in equi-
librium. Then, Q; =0 for all 5.
Proposition 9.10.
3vi
94,

81‘1'
= . 7
9q; S

Theorem 9.11. Let S be a system of n particles with

generalized coordinates ¢*,...,q". Then,
d oT OT
—— ——=Q;, j=1,...,d. 78
dt aq] aqj Q]a J ) ’ ( )

And if the forces F; are derived from a potential @,
then

(79)




Proposition 9.12. If the forces are derived from a
potential ®, then the generalized forces (); are derived
from the same potential ®. The converse is not gener-
ally true.

Proposition 9.13. Let S be a system of particles with

Lagrangian L. Then, L' = L+ ‘11—1;, with F(q,t) an ar-

bitrary function, is a Lagrangian.

Definition 9.10. Generalized momentum

oL

Theorem 9.14. Let J : C?[zg,21] — R be a func-
tional of the form

1
J(y)=/f(fc7y,y’)dw,
)
where f has continuous partial derivatives of second
order with respect to x, y, and y', and xo < x1. Let

S ={y € C?[xo,21] | y(zo) = y1 and y(z1) =11},

where yo and y1 are given real numbers. If y € S is an
extremal for J, then

d (of
i (a)

for all x € [ag, z1].

o,

-5 = (81)

Theorem 9.15 (Lagrange multipliers method for
non-holonomic constraints). If we want to find an ex-
trema having a set of m non-holonomic constraints

0f1 = A11dug + -+ + Appdu, =0,
: (82)

Ofm = Amidur + - + Apnduy, =0,

Then we can proceed as the original multipliers method
by considering every variation as independent and solv-
ing the following equation.

SE+MOfi+ 4+ An0fm =0 (83)

Theorem 9.16. Let f be a continuous functions with
a variation § f = e¢p. Then,

b b
%&g:é%y, 5/f(a:)dx=/5f(x)dx. (84)

Theorem 9.17. Let J : C%[tg,t1] — R be a func-
tional of the form

(85)

where q = (q1,-..,qn), and L has continuous second-
order partial derivatives with respect to t,qr, and qx,
k=1,...,n. Let

S ={q € C?[to, t1] ‘ a(to) =qo,q(t1) =ai}, (86)
where qg,q1 € R™ are given vectors. If q is an extremal
for Jin S then fork=1,...,n

L d OL

du, @t 0i 57

Theorem 9.18. If we have a set of holonomic con-
straints

fl(qla"'7Q”rL7t) = Oa

=4 (88)

fm(qh .. 'aq’rut) = 07

then we can treat each variable as independent and
search the stationary value of

ta

m
J/:/L—f—z/\mfmdt, (89)
4 k=1
which leads to the equation
oL d 0L af1 Ofm
— — ——— 4+ M=+ -+ Ny==0. 90
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